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P coincides with the category of G(O)-equivariant or Aut’O x G(O)-

equivariant coherent D-modules on GR.

Remark. The existence of G(O)-equivariant structure follows also directly
from the facts that G(O) is connected and Hom(G(O),G,,) = 0 (and
5.3.2 (ii)); one needs not to evoke 5.3.3 (i) and therefore Lusztig’s theorem

(which is a deep result).

5.3.5. The category P carries a canonical tensor structure. There are two
ways to describe it: the ”convolution” construction (see 5.3.5 - 5.3.9) and
the ”fusion” construction (presented, after certain preliminaries of 5.3.10 -
5.3.12, in 5.3.13 - 5.3.16); for the equivalence of these definitions see 5.3.17.
We begin with the convolution picture *). We have to define the convolution
product functor ® : P x P — P, the associativity constraint for ®, and the
commutativity constraint.

According to [MV] the functor ® is defined as follows. Denote by
G(K) x¢(0)9R the quotient of G(K ) x GR by G(O) where u € G(O) acts on
G(K) x GR by (g,2) — (gu~', uz). The morphism p : G(K) xg0) GR —
G(K)/G(O) = GR defined by (g,z) — g mod G(O) is the locally tivial
fibration with fiber GR associated to the principal G(O)-bundle G(K) — GR
and the action of G(O) on GR. So G(K) XG0y GR is a twisted form of
GR x GR. Let M,N € P. Using the G(O)-equivariant structure on M one
defines a D-module M X' N on G(K) X0y GR, which is a “twisted form”
of M X N. Then

(260) M®N =m,(MK N)
where m : G(K) Xg0) 9R — GR comes from the action of G(K) on GR.

5.3.6. Miraculous Theorem. ([Gi95], [MV]) If M, N € P then M ® N € P.
([

“)'What follows is an algebraic version of Ginzburg’s topological construction [Gi95];

we leave it to the interested reader to identify the two constructions.
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Remark. The nontrivial statement is that M ® N is a D-module (not
merely an object of the derived category). Since this D-module is coherent

and G(O)-equivariant it belongs to P.

So we have defined ® : P x P — P. The associativity constraint for ®
is defined in the obvious way. The commutativity constraint will be defined

in 5.3.8.

5.3.7. Remarks. (i) Suppose that G(K) is replaced by an ind-affine group
ind-scheme G and G(O) by its closed group subscheme K; assume that G/K
is an ind-scheme of ind-finite type. The construction of ® : P x P — P from
5.3.5 is based on the miracle 5.3.6. In general there is no convolution on
the category of K-equivariant D-modules on G/ and one has to consider
a certain derived category H (the Hecke monoidal category; see 7.6.1 and
7.11.17). This is a triangulated category with a t-structure whose core is the
category of K-equivariant D-modules on G/K; in general ® : H x H — 'H
is not t-exact and there is no commutativity constraint for ®. In the case
of (G(K),G(0)) the functor ® is t-exact by 5.3.6 and the core of H is the
category of ind-objects of P.

(ii) The construction of H mentioned above is a part of the “Hecke
pattern” developed in §7. Later we will see that this pattern is useful
(or maybe indispensable) even in the miraculously good situation of

(G(K),G(0)).

5.3.8. Let us define the commutativity constraint for ®. Let 8 : G — G
be an automorphism that sends any dominant weight to its dual. The anti-
automorphism 6'(g) := 6(g)~" of G yields an anti-automorphism 6}, of the
monoidal category H, so for any M, N € H one has a canonical isomorphism
N 0y (M@&N)= 05, (N)®0,(M).

For any M € P C 'H there is a canonical isomorphism eys : M = 64, (M).
To define ey it suffices, according to 5.3.3 (i), to consider the case M = I,.

The action of § on G(K) preserves the stratification G(K), by the double
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G(O)-classes (here G(K), is the preimage of Orb, C G(K)/G(O)). So we
have the induced automorphism ¢ of G(K),. As an object of H our I is
the Q-complex Qg k), [dim Orb, ] on G(K). Now ey, is the action of ¢ on

Q6K -
For M, N € P define

(261) stM®N=N®M
as the composition
M&N=0,(M®N)=0,(N)®60,(M)~N &M

where the first arrow is the isomorphism e corresponding to M ® N and the

other arrows are [j7,y and e]_vl ®e]T/[1.

5.3.9. Proposition. s is a commutativity constraint for the convolution

tensor product ®.

Proof. In 5.3.17 below we identify the convolution tensor product with the
fusion tensor product in a way compatible with all the constraints. Since
the latter data obviously define a tensor category structure on P we are

done. O
So we have defined the promised convolution tensor structure on P.

5.3.10. The fusion description of the tensor structure on P *) is based on
the important chiral semigroup structure on the "space” GRAS = GRASq
from 4.3.14. This structure may be described as follows.

(i) For a C-algebra R and S € ¥(R) (we use notation from 4.3.11, so
S is a subscheme of X ® R finite and flat over Spec R) one has a subset
GRAS(R)s € GRAS(R) defined as the set of pairs (F,v) where F is a
G-torsor on X ® R, «v is a section of F over the complement to S.

(ii) If S is a disjoint union of subschemes S;, i € I, then one has a canonical

identification

*)The construction apparently involves a curve X, but actually it is purely local.
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(262) GRAS(R)s = H GRAS(R)s,

Namely, we identify (F,~) with the collection (F;,7;), ¢ € I, where
(Fi,vi) € GRAS(R)s, coincides with (F,v) over the complement to the
union of Sy, i # 1.

The data (i), (ii) enjoy the following properties:

a. If for S1,S2 € 3(R) one has Sireq C Soreq then GRAS(R)s, C
GRAS(R)s,. The union of GRAS(R)g, S € X(R), coincides with GRAS(R).
So GRAS(R)s form a filtration on GRAS(R). This filtration is functorial
(with respect to R).

b. The isomorphisms (ii) are also functorial and compatible with
subdivisions of I in the obvious manner.

¢. The subfunctor GRy C ¥ x GRAS defined by
GRx(R) == {(S,F,7)|S € X(R), (F,v) € GRAS(R)s}

is an ind-scheme formally smooth over X.

Remark. Let us explain why GRy = QR(E; is an ind-scheme for any affine
algebraic group G. Moreover we will show that GRy, is of ind-finite type and
if G is reductive then GRy is ind-proper. First consider the case G = GL,,.
Then GRy is the direct limit of GRyx ) where GRy ; parametrizes pairs
consisting of a finite subscheme D C X and a subsheaf &€ C O% (kD) such
that £ O O%(—kD). The morphism GRy;, — X is proper, so GRy, is ind-
proper. As explained in the proof of Theorem 4.5.1, to reduce the general
case to the case of GL, it suffices to show that if G C G’ and G'/G is
affine (resp. quasiaffine) then the morphism GRS — gRg/ is a closed (resp.
locally closed) embedding. This is easy.

5.3.11. For a finite set J we have the morphism X7 — 3 that assigns to

(zj) € X’ the subscheme D C X corresponding to the divisor Y z;. Denote
J

by GR . the fibered product of GRyx and X7 over ¥. So an R-point of
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GR . is a collection ((z;), F,v) where (z;) € X7(R), F is a G-bundle on
X ® R, and v is a section of F over the complement to the union of the
graphs of the z;’s. Our GR xs is a formally smooth ind-proper ind-scheme
over X7 (see the Remark at the end of 5.3.10).

According to 4.5.2 there is a canonical isomorphism between the fiber
of GRx over x € X(C) and the ind-scheme GR, = G(K,)/G(Oz). So
according to 5.3.10 (ii) the fiber of GR v over (z;) € X7/(C) equals [] GR,
where S is the subset {z;} C X. e

The following description of GR x will be of use. Consider the scheme X"
of “formal parameters” on X (its points are smooth morphisms Spec O — X,
see 2.6.5). This is an Aut” O-torsor over X; a choice of coordinate,i.e., étale
Al-valued map, on an open U C X defines a trivialization of X" over U.
Now GR x is the X\-twist of GR (with respect to the Aut® O-action on GR).

The stratification of GR defines a stratification of GR x by strata Orb, x

smooth over X.

5.3.12. For the future references let us list some of the compatibilities
between GR x’s that follow directly from 5.3.10.

a. For a surjective map 7 : J — J' there is an obvious Cartesian diagram

Alm)
gRXJ’ — ngJ
(263) l l
AT

XJ’ N xJ

where A(™ is the m-diagonal embedding. If |.J'| = 1 we have A() : X < X/
and AY) : GRx — GRy.

b. Let v/) : UM) < X7 be the complement to the diagonal divisor. By
5.3.10 (ii) the restrictions to U()) of the X”7-ind-schemes GR s and (GRx)”’
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are canonically identified. Therefore we have a Cartesian diagram

()

(QRX)J‘UU) — GRyx
(264) ! l
U ”(;]: xJ

5.3.13. Now we are ready to define the fusion tensor structure on P. This
amounts to a construction of tensor product functors *)

(265) ®: Pe — P

for any finite non-empty set J together with identifications

266 ®=® ® ®
(266) o=a(o( @ )
for any surjective map J 5.

The construction goes as follows.

5.3.14. Since any M € P is Aut’ O-equivariant it defines a D-module
on GRx (see the description of GRx at the end of 5.3.11). Denote by
Mx € D(GRx)(:= DM(GRx)) its shift by 1 in the derived category. In
other words for any open U as above and a trivialization 6 of X" over U one
has My = WéM, where My = MX'QRU’ g : GRy — GR is the projection
that corresponds to 6, and we glue these objects together using the Aut® O-
action on M. The functor P — D(GRx), M +— My, is fully faithful. Its
essential image consists of (shifted by 1) D-modules isomorphic to a direct
sum of (finitely many) copies of “intersection cohomology” D-modules I, x
that correspond to the trivial local system on Orb, x.

Let now {M,}jes be a collection of objects of P. Using (264) one
interprets gMjX‘U(J) as a D-module on GR ys }U(” shifted by |J|. Denote
by BIM;x € D(GR ) its minimal (i.e., 5(‘])—) extension to GR xs. This is

1x

“JHere P®’ denotes the tensor product of J copies of P (since P is semisimple the

definition of tensor product is clear).
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a D-module on GR x shifted by |J|. Therefore we have defined a functor
(267) EE PP — D(GRxs), @M, —BM,x
which is obviously fully faithful.

5.3.15. Proposition. ([MV])
For any 7 : J — J' the complex ﬁ(”)!(EMjX) € D(gRg{)) belongs to

the essential image of % O
5.3.16. We get a functor

(268) ®: PO — peT

T

such that ?@ = 3(”)!@. In particular for |J’| = 1 we have the functor
s
® : P®/ — P which is our tensor product functor (265). The obvious

J
identification ® = ® ( ® ) (look at our D-modules over U(/)) and

J'ed =)
the standard isomorphism A = (AMAU) = AUNAM! yield the
compatibility isomorphisms (266). So P is a tensor category. It is easy

to see that Iy is a unit object in P.

5.3.17. Let us identify the convolution and fusion tensor structures on P.
Below in this subsection we denote by ®° the convolution tensor product,
and by ®f the fusion tensor product on P. We have to construct for
M, N € P a canonical isomorphism M &° N = M &/ N compatible with the
associativity and commutativity constraints.*)

Let GR'y» be the ind-scheme over X? such that GR'.(R) is the set
of collections (x1,x9, F1,F2,71,7v2) where x1,20 € X(R), Fi,F, are G-
torsors over X ® R, 1 is a section of F; over the complement to the
graph of x1, 72 is an isomorphism F; — F» over the complement to the

graph of x2. We have the projection ¢ : gR’XZ — GRyx2 that sends

*)The construction is borrowed from [MV] where it is written in more details; however

the commutativity constraint 5.3.8 was not considered there.
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the above data to ((x1,x2),Fa,7271). This projection is ind-proper; over
U := X2\ {the diagonal} it is an isomorphism.*

Denote by MxB'Nx € D(GR'y.) the minimal extension to GR'y. of
Mx X NX‘U' This is a D-module on QR’XQ shifted by 2. According to
[MV] the obvious identification over U extends (uniquely) to a canonical

isomorphism
(269) ¢(Mx®'Nx) = MxBENx

Now QR’X2 is a twisted form of (QRX)Q. Indeed, a trivialization of F; on
the formal neighbourhood of x5 yields an identification of the data (Fa,y2)
above with GR,. These trivializations together with formal parameters at x2
form an Aut® O x G(O)-torsor over GRx x X, and QR’XQ identifies with the
corresponding twist of GR. So Mx B ’'Ny is the “twisted form” of Mx X N.
Restricting this picture to the diagonal X — X x X we see that the pull-back
of ¢ : GR2 — GRx2 to X coincides with the X”-twist of the morphism
m : G(K) Xg0) GR — GR from (260) and the pull-back of MxE'Nx to
the preimage of X in GR';» equals (M X' N)x where M X' N has the same
meaning as in (260). Comparing (269) and (260) (and using the base change
isomorphism) we get the desired canonical isomorphism M &° N = M @' N.

Its compatibility with the associativity constraints comes from the
similar picture over X3. WRITE DOWN THE COMAT WITH COM
CONSTRAINTS (use Bung and Hecke)!

5.3.18. For M € P set h'(M) := Hpp(GR,M). This is a Z-graded vector
space; denote by h®(M) the corresponding Z/2Z-graded vector space.
Consider the projection p : GRx — X. The D-modules H%p,(Mx) on X
are constant, i.e., isomorphic to a sum of copies of wx (recall that we play
“)Over the diagonal the fibers of ¢ are isomorphic to GR; more precisely, the
closed embedding GR> — (GRx) xx (GRxz2) defined by (z1,z2,F1,F2,71,72) —
(z1, 22, F1,71,F2,72y1) becomes an isomorphism when restricted to the diagonal X <

X2. So the maximal open subset over which ¢ is an isomorphism has the form GR y2 \Z

where Z has codimension 1; this is an infinite-dimensional phenomenon.
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with right D-modules). The corresponding fiber is h'(M): for any z € X
one has H'i\ p.(Mx) = h' (M) (here i, is the embedding {z} — X).

5.3.19. Proposition. ([MV])
For any collection { M} ey of objects of P the D-modules Hap,(;]) KM;x)
on X7 are constant. O

For any (z;) € X” one has
. J :
(270) Hi, i) @M, x) = @b’ (M;).
This is clear from 5.3.18 for (x;) € U); then use 5.3.19.

5.3.20. For (z;) € X < X’ (270) yields a canonical isomorphism
h'(® M;) = ®h'(M;) which is obviously compatible with “constraints”
(266). We see that

(271) h': P — Vect', h®: P — Vect®

are tensor functors. Here Vect™ is the tensor category of Z-graded vector
spaces with the “super” commutativity constraint, Vect® is the analogous

tensor category of Z/27Z-graded vector spaces.

5.3.21. One may twist the tensor structure on P to get rid of super vector
spaces. To do this note that the objects of P carry a canonical Z/2Z-
grading ¢ by parity of the components of support (see 4.5.10). This grading
is compatible with ®.

Denote by P? the full subcategory of even objects in P¢ := P ® Vect®
(with respect to tensor product of the Z/2Z-gradings). This is a tensor
subcategory in P¢. The “forgetting of the grading” functor o, : Vect® — Vect
yields an equivalence P? = P. This is an equivalence of monoidal categories
(i.e., it is compatible with the tensor products and associativity constraints);

the commutativity constraints A ® B=<B ® A for P and P! differ by
(_1)1)(14)1)(3).
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The functor h® is compatible with the Z/2Z-gradings by 5.3.3 (ii).

Therefore it defines a tensor functor
(272) h: P% — Vect .

Note that h carries a canonical Z-grading which we denote also by h’
by abuse of notation. So A’ is a tensor functor on P% with values in the
tensor category of graded vector spaces equipped with the plain (not super)

commutativity constraint.

5.3.22.  According to [MV] (WHAT ABOUT GINZBURG 77) the tensor
category PP is rigid, i.e., each object has a dual in the sense of §2.1.2 from
[Del91] (the dual objects are explicitly constructed in [MV]). The tensor
functor (272) is C-linear and exact,”) so it is a fiber functor in the sense
of [Del91]. Therefore by the general Tannakian formalism (272) induces an
equivalence between the tensor categories P? and Rep(Aut® h) where Aut® h
denotes the group scheme of tensor automorphisms of A and Rep means the
category of finite-dimensional representations. According to [MV] there is
an isomorphism s : YG' = Aut® h, so we may rewrite the above equivalence

as
(273) h: P'=Rep’G.

Here “G is the Langlands dual group, i.e., it is a semisimple group together
with a fixed Cartan torus “H C G, an identification of the corresponding
root datum with the dual to the root datum of GG, and a collection of fixed

non-zero vectors y, € (“g)® for simple negative roots a.
5.3.23. We are going to define a canonical isomorphism
(274) x: FG= Awt®h

*JExactness is clear since P? is semisimple. Mirkovié¢ and Vilonen [MV] have to prove
exactness because they want their proofs to work for perverse sheaves over arbitrary

commutative rings.
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by listing some properties of the action of G on h, which determine s

uniquely.
(i) Denote by
(275) t s t2P

the morphism G,, — “H corresponding to the weight 2p of G. Then t?* acts
on h* as multiplication by t~¢ (so the action of the 1-parameter subgroup
(275) corresponds to the grading A" of h).

It follows from (i) that the action of “H on h preserves the grading of h.

(ii) For any x € P4 (FG) the group L H acts on h™1([,) = p~dimOrbx (], )
by the character yx.

This means that the highest weight of the irreducible “G-module h(I,)
equals y.
Remark.  Since dim Orb, = (x,2p) there is no contradiction between (i)
and (ii).

The properties (i) and (ii) can be found in [MV]. They uniquely determine
the restriction of (274) to H. So (274) is determined by (i) and (ii) up to

L H-conjugation. We normalize (274) by the following property.

(iii) Let ¢ € (Sym? g*)¢ be an invariant bilinear form on g (or on [g, g] in

the reductive case???). Set

(276) fei= — Z C(Oz, O‘)Z/a S Lg

(07

(the expression c(a, a) makes sense because o € (“h)* = h C g). Then the
Lie algebra element f. acts on h(M) = Hpp(GR, M), M € P* = P, as

multiplication by v(c) where
(277) v: (Sym® g")" — Hpr(GR)

is the standard morphism whose definition will be reminded in 5.3.24.
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Remark.  (iil) is formulated by V.Ginzburg [Gi95] in a slightly different
form. In fact, he describes in a similar way the action on h of the whole

centralizer of f. in Lg.

5.3.24. 1In this subsection (which can be skipped by the reader) we define
the canonical morphism (277). We use the folowing ad hoc definition: for
any ind-scheme Z one has Hf,,(Z) := @H“(Y, Qy) where Y runs over the
set of all closed subschemes of Z and €2y is the de Rham complex of Y (in the
most naive sense). To define v let us assume for simplicity (simplicity twice??
BAD STYLE) that G is semisimple *). Then the projection G(K) — GR
induces an isomorphism H%5(GR)~ H%,(G(K)) (indeed, this projection
is a G(O)-torsor, G(O) is connected, and H}(G(0)) = H3,(G(0)) = 0).
Now our ¢ defines the Kac-Moody cocycle u, v — Res;— ¢(du,v) on g ® K.
Let w. be the corresponding right invariant closed 2-form on G(K). The
image of its class by the inverse map to the above isomorphism is v(c) €
H%,(GR). WHAT ABOUT THE SIGN???

Remark. In 5.3.23(iii) we used the action of Hpr(GR) on Hpp(GR, M)
where M is a D-module on GR. It is defined as follows. Consider the Q'-
complex QM (see 7.11.13). Then Hpp(GR, M) = @H'(Y, QMyy) where
Y runs over the set of all subschemes of GR. Now QMy is an Q-complex
on Y, so H'(Y,Qy) acts on H'(Y,Q2My). Therefore H,p(GR) acts on
Hpp(GR,M).

5.3.25. The brief characterization of the canonical isomorphism (274) given

in 5.3.23 is enough for our purposes. Those who want to understand (274)

5.3.26.

Remark.  Recall (see 4.5.9) that the connected components of GR are
labeled by elements of Z(*G)Y where Z(FG)V is the group of characters of

the center Z(“G) c FG. The connected component of GR corresponding

“)'We leave it to the reader to define v for arbitrary G.
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to ¢ € Z(*G)Y will be denoted by GR¢. The support decomposition
D(GR) = [[D(GR¢), P = ®P¢ defines a Z(*G)V-grading, i.e., a Z(LG)-

action, on h. This action coincides with the one induced by the “G-action.

In the rest of the section we explain how the above constructions are
compatible with passage to a Levi subgroup of “G. When this subgroup is
LH < LG this amounts to an explicit description of the action of “H on the

fiber functor h due to Mirkovié — Vilonen.

5.3.27. Let P C G be a parabolic subgroup, Np C P its unipotent radical,
F := P/Np the Levi group. The Cartan tori of F' and G are identified in
the obvious way, and the root datum for F' is a subset of that for G. So
LF is a Levi subgroup of G for the standard torus “H ¢ “F c L'G. Thus
Z(tG) c Z(MF).

We are going to define a canonical tensor functor
(278) 7“5, : 732; — 73%

which corresponds, via the equivalences hg, hp, to the obvious restriction

functor v : Rep“G — Rep LF.

5.3.28. The diagram G + P — I yields the morphisms of the

corresponding affine Grassmanians
(279) GRE < GRP T, GRF

Here 7 is a formally smooth ind-affine surjective projection. Its fibers are
Np(K)-orbits. Hence 7 yields a bijection between the sets of connected
components of GRY and GR¥. For any ¢ € Z(LF)V let gnf be the
corresponding component. Then the restriction i¢ : ng — GRY of i
is a locally closed embedding; its image lies in QRZG where ¢ := (| Z2(LG)-
The ind-schemes Q’Rg form a stratification of GR® (i.e., for any closed
subscheme Y C GRE the intersections Ye:=YnN ng form a stratification
of V).
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Set par = pg—pr € h*. Since 2pgr is a character of F' (the determinant
of the adjoint action on np) we may consider it as a one-parameter subgroup
of Z(FF) c “H. So for any ¢ as above one has an integer (C,2pgr). Let
GRE be the union of components QR? with (¢,2pgr) = n. We have
the corresponding decomposition D(GRY) = [[D(GRL), P = @PF.
Set PF' = @PF[-n] ¢ D(GRY). As in 5.3.18 for M € PF" we set
hip(M) = H (GRY, M) € Vect'.

5.3.29. Proposition.
(i) The functor r§ := 7,i' : D(GRY) — D(GRF) sends PY to P, so

we have
(280) rGF . pe - pt”,
(ii) There is a canonical identification of functors
(281) he = hprSE . PY — Vect™ .

Proof. Assume first that P = B is a Borel subgroup. Then F = H and
GRI, = (VH)V, so D-modules on GRY are the same as (“H)Y-graded
vector spaces, i.e., “H-modules. The strata QR? are just Np(K)-orbits on
GRY. Thus 5.3.29 is just the key theorem of [MV].

Recall that the identification (281) is constructed as follows (see [MV]).
Let Q—Rf C GRY be the closure of GREZ := 7= (GRH) in GRY. Then grR”
is a decreasing filtration on GR®. For any M € P% the obvious morphisms
R rGH (M) = HY(GRB,i'M) «— Hg_Rf(gRG,M) — H™(GRY M) =
h¢ (M) are isomorphisms. Their composition is (281).

Now let P be any parabolic subgroup. Choose a Borel subgroup B C P,
so Br := B/Np N B is a Borel subgroup of F. Consider the functors
r&H . D(GRY) — D(GRHY), rEH . D(GRY) — D(GRHY). By base

change one has a canonical identification of functors rgH = TEH rgF . Let
PH ¢ D(GRM) be the category defined by B C G, so we know that

r@H(PY) c PH" and (since par = pe — pr) one has rhf (PF) c PH'.
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The functor T%H . PF — PH' i faithful (since up to shift if coincides
with h}.). Hence an object T € D(GR') such that all H*T are in P¥ belongs
to P if and only if rEH(T) C PH' Applying this remark to T = rGE (M),
M € P, we see that r$F (M) € P, which is 5.3.29 (i). We also know
that hy(M) = hy(r§7(M)) = hy(r57(M)) = hpr@F (M) which is the
identification 5.3.29 (ii). We leave it to the reader check that it does not

depend on the auxiliary choice of a Borel subgroup B C P. ]

5.3.30. The category P has a canonical tensor structure (defined by the
same constructions that were used for P"). The functor rgF . PG — pF

is a tensor functor in a canonical manner. Indeed, (279) are morphisms of

chiral semi-groups, so we may consider the corresponding functors rgF =

Tud' D(QR)G(J) — D(GR%,) . We leave it to the reader to check (hint: use
5.3.19) that for M; € PY this functor sends B M; to Br&F (M;) (see 5.3.14
for notation). Since (by base change) it also commutes with the functors
AN we get the desired tensor product compatibilities. As in 5.3.19 we see
that (281) is an isomorphism of tensor functors.

Finally let us replace, as in 5.3.21, the tensor category P by P2, Since
pPeF = pc — pr we see that TgF yields a tensor functor r&F . PGI —
PFI compatible with the fiber functors heg, hp. It defines a morphism

r: Aut® hp — Aut® he.

5.3.31. Lemma. The morphism %617“%F . L — LG coincides with the

canonical embedding from 5.3.27. O

5.4. Main Theorems II: from local to global. In this section we give
the precise version of the main theorems from 5.2 and show that the local
main theorem implies the global one. We use in essential way the ”Hecke
pattern” from Chapter 7. To understand what is going on it is necessary

(and almost sufficient) to read 7.1.1 and 7.9.1.

5.4.1. We start with the definition of Hecke eigen-D-module. Consider
the pair (G(K),G(O)) equipped with the action of AutO. Let H be
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the corresponding (Der O, Aut® O)-equivariant Hecke category as defined
in 7.9.29. Since any object of P is an Aut O-equivariant D-module in
a canonical way® our P is a full subcategory of H. It follows from the
definitions that the embedding P — H is a monoidal functor.

Consider the canonical Aut O-structure X on X (see 2.6.5) and the
scheme M” over X’ defined in 2.8.3; it carries a canonical action of
Aut O x G(K) (see 2.8.3 - 2.8.4). The quotient stack (Aut® O x G(0))\ M"
equals Bung x X. We arrive to the setting of 7.9.1, 7.9.4%). Thus H acts
on D(Bung x X). Therefore D(Bung x X) is a P-Module. Identifying the
monoidal category P *) with Rep “G via the Satake equivalence (273) one
gets a canonical Action of Rep G on D(Bung x X) called the Hecke Action.
We denote it by ®.

Note that D(Bung x X) also carries an obvious Action of the tensor
category Vect™ (X) of vector bundles with connection on X (or, in fact, of
the larger tensor category of torsion free left D-modules on X) which we
denote by ®. It commutes with the Hecke Action, so D(Bung x X) is a
(Rep G, VectY (X))-biModule.

Let § be an “G-bundle with a connection on X. It yields a tensor functor
Rep “G — VectV(X), V — V3, hence the corresponding Action of Rep “G
on D(Bung x X).

5.4.2. Let M be a D-module on Bung. Let M x) € M(Bung x X) be the
pull-back of M. Assume that for any V € Rep G we are given a natural
isomorphism ay : V@ Mx)=Mx) @ Vs (so, in particular, V&M is
a D-module, and not merely an object of the derived category). We say
that the ay’s define a Hecke F-eigenmodule structure on M if for any

“Our (G(K),G(0)), (Der O, Aut® O) are (G, K), (I, P) of 7.9.2.
) According to 5.3.4 any object of P carries a unique strong Aut® O-action which is the

same as a strong Aut O-action.

) Our X” and M” are X" and Y" of 7.9.4.

“)In this section (except Remarks 5.4.6) we use only the monoidal structure on P (the

commutativity constraint plays no role). So we may identify P with Ph.
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Vi, Va € Rep G one has ay, 01, = ay, o (Vi ®ay,). We call such (M, ay),
or simply M, a Hecke §-eigenmodule.

Remark. For any “G-local system F on X one would like to define the
triangulated category of Hecke F-eigenmodules®).

The following theorem is the precise version of Theorem 5.2.6.

5.4.3. Theorem. For any “G-oper § the D-module Mz defined in 5.1.1 has
a natural structure of Hecke §-eigenmodule.
We leave it to the reader to check that the functor T; coincides with

H'VX® (see 5.2.4, 5.2.5 for notation). Thus Theorem 5.4.3 implies 5.2.6.

5.4.4. We need a version of 5.4.1-5.4.3 ”"with parameters”. Let A be a
commutative ring. Denote by M(Bung x X, A) the category of A-modules
in M(Bung x X) (i.e., D-modules with A-action). It has a derived version
D(Bung x X, A), which is a t-category with core M(Bung x X, A) (see
7.3.13). The category D(Bung x X, A) carries, as in 5.4.1, the Hecke Action
of Rep LG.

We also have the obvious Action of the tensor category of A ® Ox-flat
A®Dx-modules on D(Bung x X, A) which commutes with the Hecke Action.
Therefore any flat A-family F4 of “G-bundles with connection on X yields
an Action of Rep G on D(Bung x X, A).

Now for M € M(Bung,A) one defines the notion of Hecke §a-
eigenmodule structure on M asin 5.4.2. The following theorem is the precise

version of 5.2.9; by 5.1.2(i) it implies 5.4.3.

5.4.5. Theorem. The D-module My € M(Bung, ALy(X)) defined in 5.1.1

has a canonical structure of Hecke §/-eigenmodule.

5.4.6. Remarks. (i) Sometimes (when you want to use the commutativity
constraint, see, e.g., the next Remark or the next section) it is convenient to
*)Certainly, in the above definition of Hecke eigenmodule you may take for M any

object of D(Bung) instead of just a D-module. However in this generality the definition

does not look reasonable (such objects do not form a triangulated category).
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deal with the above notions in the setting of super D-modules. Note that any
D-module M on Bung has a canonical Z/2Z-grading such that M is even
or odd depending on whether M is supported on even or odd components
of Bung. We denote this super D-module by M?. So f identifies M (Bung)
with a full subcategory M (Bung)® of M(Bung)® := M(Bung)® Vect®. The
same applies to D(Bung) and D(Bung x X).

The Action of P on D(Bung x X) yields an Action of P¢ on D(Bungx X)®.
The Action of P% C P preserves D(Bung x X)%, as well as the Vect" (X)-
Action. Now one defines the notion of Hecke -eigenobject of M (Bung)®
exactly as in 5.4.2. This definition brings nothing new: a D-module M is a
Hecke F-eigenmodule if and only if M? is.

(ii) In the above definition of the F-eigenmodule structure on M €
M(Bung) we used the convolution construction of the tensor structure on

P. One may rewrite it instead using the fusion construction of ® as follows.

DOPISAT"!!!

5.4.7.  Let us turn to the main local theorems from 5.2. We are in the setting
of 5.2.12, so we fix £ € Ztorsy(O), which defines the central extension
C/J(\I?) = C?(\I?)E of G(K) split over the group subscheme G(O) (see 4.4.9).
We have the corresponding category of twisted Harish-Chandra modules
M(g ® K,G(0))" and the derived category D(g ® K,G(O)) of Harish-
Chandra complexes (see 7.8.1 and 7.14.1)*). According to 7.8.2, 7.14.1,
D(g® K, G(0O))’ carries a canonical Action ® of the Hecke monoidal category
H of the pair (G(K),G(0O)). Since P is a monoidal subcategory of (the core
of) H our D(g ® K,G(0))" is a P-Module.

Let Vad € M(g® K,G(0O))" be the twisted vacuum module.

5.4.8. Theorem. For any object P € P the object P® Vad € D(g ®

K,G(0))" is isomorphic to a direct sum of copies of Vac *).

S0 1 € C C g® K acts on the objects of these categories as identity.

“)In particular it is a single Harish-Chandra module, not merely a complex of those.
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This theorem is equivalent to 5.2.14. Indeed, according to (335) of 7.8.5
and 7.14.1, there is a canonical identification of (g/g?( ,G(0))-modules

(282) H'(P® Vacd) = H(GR, PA1).

Here PAZl =P® )\Zl. The interested reader may pass directly to the proof

of this theorem, which can be found in ?777.

5.4.9. We need to incorporate the Aut O symmetry in the above setting.
Recall (see 4.6.6) that the action of Aut O on G(K) lifts to the action of
Autz O on C?(\I?) that preserves G(O). So we are in the setting of 7.9.5*).
Let Dgc be the derived category of Harish-Chandra complexes as defined in
7.9.5. This is a t-category with core Mpyc equal to the category of Harish-
Chandra modules for the pair (Der O x 9/(57(, Aut), O x G(0)) (we assume
that the center C C g/é)??( acts in the standard way).

The (Der O, Aut% O)-equivariant Hecke category for (G(K),G(O)) (see
7.9.2) contains the corresponding (Der O, Aut® O)-equivariant categories H
and H¢ as full monoidal subcategory. So, by 7.9.5, D¢ is an H-Module.
hence it is a P-Module.

We will need to change slightly our setting. Let as usual 3 be the
center of the completed twisted universal enveloping algebra of g ® K and
3 the endomorphism ring of the twisted vacuum module Vac’; we have the
obvious morphism of algebras e : 3 — 3. Let Dgcy be the corresponding
derived category of Harish-Chandra complexes as defined in 7.9.8 (see also
7.9.7(iii))*). This is a t-category with core Myc; equal to the category of
Harish-Chandra modules killed by Kere.

Let H; be the 3-linear version of the (Der O, AutY, O)-equivariant Hecke
category for (G(K),G(0)) as defined in 7.9.7(i). According to 7.9.8 it acts

on Dyc;. Due to the obvious monoidal functor H — H; (see the Remark in

) 0ur (Der O, At} 0) and (G(K), G(0)) are (I, P) and (G, K) of 7.9.5.
“)Our Dy is Do 4 of 7.9.8. In 7.9.8 3 denotes the set of G(K)-invariant elements

of the center, but according to 3.7.7(ii) all elements of the center are G(K)-invariant.
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7.9.7) H; contains P, so Dy c; is a P-Module. Asin 5.4.1 we will replace P by
Rep LG by means of the Satake equivalence and denote the corresponding
Action of Rep LG on Dpc; by ®. On the other hand H; contains in its
center the tensor category M(Auty O>z{ L of flat 3-modules equipped with
Autz O-action (see 7.9.7(i)). The corresponding Action of M(Auty O){l
on Dpyc; is the obvious one: for W € M(Autz O)gl, V' € Dpyc; one has
We®V =WV :=Wa®V. Therefore Dyc; is a (Rep LG, M(Autz O)gl)—
biModule. 3

Let § be an Autz O-equivariant “G-torsor on Specj. It yields the tensor
functor Rep “G' — M(Auty O){ LV V%, hence the corresponding Action
of Rep G on Dyc;.

5.4.10. Let us repeat the definition from 5.4.2 in the present Harish-
Chandra setting. Namely, a Hecke §-eigenmodule is a Harish-Chandra
module M € Mpc; together with natural isomorphisms oy : V@ M~ M ®
Vz, V. € Rep L@, such that for any V1,V2 € Rep’G one has ay,qy, =
ay, o (Vi ®ay,).

Now we can formulate the precise version of 5.2.16. As in 5.2.15, our
L € Ztorsy(O) (see 5.4.7) defines an Auty O-equivariant®) “G-torsor over
the moduli scheme of local “g-opers. Identifying this scheme with Spec
via the Feigin-Frenkel isomorphism (80) we get the corresonding Auty O-
equivariant torsor §, over Specj.

From now on we consider Vac' as an object of M ¢y (with respect to the

Autz O-action that fixes the vacuum vector).

5.4.11. Theorem. Vac has a canonical structure of Hecke §,-eigenmodule.

This theorem implies 5.2.16. Indeed, the isomorphism (282) is Auty O-
equivariant since Auty O acts on both sides of (282) by transport of
structure.

Where will it be proved???

“)The action of Autz O comes from the identification Autz O = Aut (0, L); see 4.6.6.
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Now we may turn to the main result of this section.

5.4.12. Theorem. Theorem 5.4.11 implies 5.4.5.

Proof. We will show that an appropriate ”localization functor” LA trans-
forms the local picture into the global one *).

We need to modify slightly the setting of 5.4.1 to be able to use the
”equivariant Hecke pattern” from 7.9. Recall that in the formulation of
the global theorem 5.4.5 we fixed £8P € Ztorsg(X) (see 5.2.8), while in
the local theorem 5.4.11 we used £°¢ € Z torsg(0O). Consider the schemes
X% and M7 from 4.4.15 corresponding to £8°P and £°¢ (they are etale Z-
coverings of the schemes X" and M” used in 5.4.1). Recall that Autz O acts
on X% and Autz Ox G(K) acts on M} (see 4.4.15). One has Aut} O\ X} =
X, and the quotient stack (Aut} O x G(O)) \ M} equals Bung x X. It is
clear that in the construction of the Hecke Action on D(Bung x X) in 5.4.1
we may replace (M", Aut O x G(K)) by (M2, Autz O x G(K)).

Asin 5.1.1 let Apgob be the Pfaffian line bundle on Bung that corresponds
to £8°P. Denote by 2 = /):Eglob its pull-back to MJ. The action of
Autz O x G(K) on M} lifts in a canonical way to an action on X of the
central extension Auty O x CF(\I?) (see 4.4.16). So we are in the setting of

7.9.6%), and therefore, one has the right t-exact localization functor
LA DHC’ — D(BunG X X)

One has also the corresponding picture in the setting of 3-modules. Indeed,
following 7.9.7(ii), consider the Dx-algebra 3x *) (which we already used in
2.7) and the corresponding category D(Bung x X, 3x) which is the derived
category of D-modules on Bung x X equipped with 3x-action (see 7.3.13).

“)The reader may decide if there is a method in this madness.

“)Sorry for a terrible discrepancy of notations: our Mz, X”, X, Der O, Aut% O, 5(\1_(/),
G(O) are Y, X", L* I, P, G', K of 7.9.6.

*)Any Aut O-module V yields the Dx-module Vx, see 2.6.6.
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It carries a canonical Action of H;. One has a canonical localization functor
LA; : Dycy; — D(Bung x X, 3x)

which is a Morhism of H;-Modules. The above LA’s are compatible (they
commute with the forgetting of 3-action).
Now our theorem is immediate consequence of the following facts:

(a) There is a natural identification

(283) LA(Vacd) = A(Vad) = Mpgor X Ox

such that the 3x-action on A(Vac') = A;(Vac') coincides with the action
of 3x on M g0 ¥ Ox through the maximal constant quotient 3(X)® Ox =
ALy(X) ® Ox and the standard Ary(X)-module structure on M gwos. For a
proof see 7.14.9 (and note that 3x acts by transport of structure).

(b) The functor LA, is a Morphism of (Rep “G, M(Auty O){l)—biModuIes.

Indeed, this is a Morphism of H;-Modules.

(c) For any W € M(Auty O)z{l, T € D(Bung x X,3x) one has W& T =
Wx g T where Wy is the 3x-module that corresponds to W.

For a proof see 7.9.7(i).

(d) For any V € Rep “G there is a canonical identification
(V3 2100 )x ©(G(X) ® Ox) = Vs 001
L 3x L
compatible with tensor products of V’s (here §sioc is §¢ from 5.4.10). O

5.5. The birth of opers. In this section we assume Theorem 5.4.8. We
first show that this theorem implies that Vac' is a Hecke F-eigenmodule
for some Auty O-equivariant “G-torsor F on Spec 3. The main point of this
section is that F comes naturally from an Autz O-equivariant 3-family of
local opers. Later we will see that the corresponding map from Spec 3 to the
moduli of local opers coincides with the Feigin-Frenkel isomorphism, which

yields the main local theorem.
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5.9.1. Forany V € Rep LG set
(284) Fy(V) := Hom@((Vac’, Ve®Vacd) = (V®Vac’)G(O).

This is an Auty O-equivariant 3-module®). According to 5.4.8 it is a free

3-module, so F (V) € M(Auty O);l. One has a canonical isomorphism
(285) Ve®Vad =Vad @ Fu(V).

Since the Action of M(Auty O){ ! commutes with the Hecke Action we get a
canonical identification Fy (V1 ® Vo) = Fp (V1) ® F(V2), which means that

(286) Fr : ReptG — M(Auty O){l
is a monoidal functor.

5.5.2. Lemma. For any V € Rep’G the free 3-module Fy (V) has finite

rank.

Proof. Since Fy is a monoidal functor Fi (V™) is dual to F (V') in the sense

of monoidal categories (see 2.1.2 of [Del91]). If a free 3-module has a dual

in the sense of monoidal categories then its rank is finite. O
Let
(287) Fs, : Rep”G — M(Autz 0)/'

be the tensor functor Ff.(V) = V. (see 5.4.10).

Now our main local theorem 5.4.11 may be restated as follows.

5.5.3. Theorem. The monoidal functors Fy and F%, are canonically isomor-
phic.

We are going to show that Fj indeed comes from a some canonically
defined family of local opers parametrized by Specj. First let us check that

Fy; indeed comes from an “G-torsor on Spec ;.

“'The two 3-module structures on V ® Vac' coincide because the Hecke functors are

3-linear.
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5.5.4. Proposition. The monoidal functor Fy is a tensor functor, i.e., it is
compatible with the commutativity constraints.

The proof has two steps. First we write down the compatibility
isomorphism Fy (V1) ® Fr(Va)= Fr(V1 ® V) as convolution product of
sections of (twisted) D-modules (see 5.5.5, 5.5.6). Then, using the fusion

picture for the convolution, we show that it is commutative (see ?77).

5.5.5. Let us replace the tensor category of “G-modules by that of D-
modules on the affine Grassmanian using the Satake equivalence h (see

(273)). For P € P% we set Fy(P) := Fy(hP). Thus (see (282))
(288) Fy(P) =T(GR, PA;")C).

Remark. Recall that P is a “super” D-module and Az is a “super” line
bundle. However their parities coincide (being equal to the parity of
components of GR), so P)\Zl is a plain even sheaf. These “super” subtleties
will be relevant when we pass to the commutativity constraint.

To describe the compatibility isomorphism Fy (Py)®@Fy(P2) = Fy (P ® Py)
consider the integration morphism of O'-modules (we use notation of 5.3.5;

for integration see 7.11.16 (?7))
(289) im . m(P1 IX/ PQ) — P1 ®P2.

The line bundle Az on GR is G(O)-equivariant and its pull-back by
m : G(K) Xg) 9R — GR is identified canonically with the “twisted
product” Az X' As%. So, twisting i, by Az, we get the morphism
m. (P K (PALY) — (Pr @ Po)AS "

Passing to G(O)-invariant sections we get the convolution map (notice

that G(O)-invariance permits to neglect the twist)
(290)
«: DGR, PP @ T(GR, PAY)C O — T(GR, (P @ Po)A ;1)@

*)This follows since, by definition, Az comes from a central extension of G(K) equipped

with a splitting over G(O).
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5.5.6. Lemma. The convolution map coincides with the compatibility

isomorphism Fy(P1) ® Fr(P2) = Fy(Py ® Py).

Proof. Consider the canonical isomorphism (the Action constraint) a :
P®P,®Vad)=(PL®P)®Vad. For f € Hom(Vad,PL®Vacd), g €
Hom(Vacd, P, ® Vac') the compatibility isomorphism sends f®g to (P; ® g)o
f.

O

5.6. The renormalized universal enveloping algebra.

5.6.1. Let A be the completed universal enveloping algebra of g/é?( .
According to 3.6.2 A is a flat algebra over C[h], h:=1—1, and A/hA = U
The natural topology on A induces a topology on A[h~!] := A&cy Clh, h=Y;
in fact this is the inductive limit topology (represent A[h~!] as the inductive
limit of A — A — ... where each arrow is multiplication by h).

Let I C 3 be the ideal from 3.6.5. Denote by J the preimage of
v cU = A/hA in A (IU/ is understood in the topological sense,
ie., IT is the closed ideal of U generated by I). J is a closed ideal
of A containing hA. Denote by A? the union of the increasing sequence
AcC h™'J c h™2J? C ... where J* is understood in the topological sense.
Finally set U% := A%/h A"

AP is a topological algebra over C[h] (the topology is induced from A[h™1]).
So U" is a topological C-algebra (U 7 is equipped with the quotient topology).

5.6.2. Set Vacy = AJ/A(g® O) where A(g® O) denotes the closed left ideal
of A generated by g ® O. I acts trivially on Vac = Vaca /h Vaca. Since

Vacy is a flat C[h]-module A% acts on Vaca. Therefore U? acts on Vac.

5.6.3. Denote by Ug the image of A in U Ug is a subalgebra of U?. We
equip Ug with the induced topology. The map A — Ug factors through
A/hA = U’ and actually through U /1 U’ So we get a surjective continuous
homomorphism f : U /IUI — Ug. Probably f is a homeomorphism.
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Anyway f induces a topological isomorphism 3 = 3/I — f(3) (use the
action of U% on Vac'). We will identify 3 with £(3).

5.6.4. Let J;r C A denote the preimage of I C U = A/hA. Denote by Ulh
the image of h='J; in U%. Equip Ulh with the topology induced from U®.
The topological algebra U® is generated by Ulh.

5.6.5. Lemma.

(1) U1u is a Lie subalgebra of U".

(ii) Ug is an ideal of Ulh.

(iii) 3U7 c UF, U%3 c UP.

() [UF,5] < 5.
Proof. We will use some properties of the Hayashi bracket {,} defined in
3.6.2. (i) follows from the inclusion [Jr, J;| C hJy, which is clear because
{I,I} C I (see 3.6.4 (i)). (ii) and (iii) are obvious. (iv) is clear because
{1,3y c{3,3} C 3. 0

5.6.6. It follows from 5.6.5 that Uln/Ug is a topological Lie algebroid over j.
Multiplication by A~ defines a map J; — A%, which induces a Lie algebroid

morphism
(291) 1)1 = J1/(J? + hA) — U U]

(see 3.6.5 for the definition of the algebroid structure on I/I? ). The
morphism (291) is continuous and surjective. In fact it is a topological

isomorphism (see 777).

5.6.7. Denote by Uf the set of elements of UZ-h annihilating the vacuum
vector from Vac', i = 0,1. Lemma 5.6.5 remains valid if Uf is replaced by
Uib, 1=0,1. So Ulb / Ug is a topological Lie algebroid over 3. The natural map
U U — Uf / Ug is a topological isomorphism. So (291) induces a surjective

continuous Lie algebroid morphism

(292) /12 = U203 .
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5.6.8. Let V be a topological U%-module (in the applications we have in
mind V will be discrete). Then V99 is a (left) topological module over
the Lie algebroid I/I2. Indeed, first of all V¥© is a 3-module. Secondly,
Vo0 — {4 € V|Ujv = 0}, so the Lie algebra U?/U} acts on V920, If
v e VIO ¢y a €U /U, then a(zv) — z(av) = 4(2)v where 8, € Der}
corresponds to a according to the algebroid structure on U'l’ / UOb . So Ve®0
is a module over the algebroid U?/Uj. Using (292) we sce that V9%© is a
module over the Lie algebroid /1.

5.6.9. According to (89) one has the continuous Lie algebra morphism
DerO — h~'J; ¢ A[h™}] such that L, h=1€,, n > —1. Tt induces a
continuous Lie algebra morphism Der O — Ulb C U%. On the other hand in

3.6.16 we defined a canonical morphism Der O — I/I?. Clearly the diagram

DerO —  U?
! !
jr — u/us
is commutative.

Remark.  The morphism Der O — U?/Uj induces a homeomorphism of
Der O onto its image. Since U*l’ / Ug acts continuously on 3 C Ug this follows
from the analogous statement for the morphism Der O — Derj, which is

clear (look at the Sugawara elements of 3).

5.6.10. Suppose we are in the situation of 5.6.8. According to 5.6.9 Der O
acts on V via the morphism DerO — U", the subspace V9 is Der O-
invariant and the action of DerO on V99 coincides with the one that

comes from the morphism Der O — I /12

5.6.11. Remark. The definition of m from 2.5.1 involves the “critical”
scalar product ¢ defined by (18). Suppose we consider the central extension
0—-C— (gié?()k — g®K — 0 corresponding to Ac, A\ € C*. Denote by Ay
the completed universal enveloping algebra of (g/@?T( )a. The construction

of U and the map (291) remain valid if A and h = 1 — 1 are replaced by
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Ay and hy := 1, — A7, where 1, denotes 1 € C C (978?7(),\ Denote by UE\
and f the analogs of U? and (291) corresponding to A. One can identify Ay
and U i with A and U? using the canonical isomorphism g/@?T( = (gié?( A
such that 1 — X\ -1,. Then f) does depend on A: indeed, f) = Afi.
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6. The Hecke property I1

6.1.
6.2. Proof of Theorem 8.1.6.

6.2.1. Lemma. Let V be a non-zero U -module such that the representation
of g® O on V is integrable, and the ideal I C 3 annihilates V. Then V has

a non-zero g ® O-invariant vector.

Proof. Denote by m the maximal ideal of O. The kernel of the morphism
G(O) — G(O/m) is pro-unipotent and its Lie algebra is g@m. So V™ £ (.
Consider the Sugawara element £y € I (see 3.6.15, 3.6.16). A glance at (85)
shows that 2Ly acts on V™ as the Casimir of g. On the other hand,
LoV = 0 because Ly € I. So the action of g on V™ is trivial and
Veeo = yesm £ (), O

6.2.2. Lemma. Let N be a 34(O)-module equipped with an action of the
Lie algebroid I/I?. Suppose that the action of Ly € DerO C I/I? on N is
diagonalizable and the intersection of its spectrum with ¢ + Z is bounded

from below for every ¢ € C. Then N is a free 34(O)-module.

Proof. Using (80), (81), and 3.6.17 we can replace 34(O) by A,(O) and I /1?
by ary. By definition, az g is the algebroid of infinitesimal symmetries of 3?;.
In 3.5.6 we described a trivialization of S%. The corresponding splitting
Der Ary(O) — arg is Der® O-equivariant (see (69) and (70); the point is that
the r.h.s. of these formulas are constant as functions on Spec A.4(0)). So N
becomes a module over Der AL (O) and the mapping Der A.,(O) — End N
is Der® O-equivariant. According to 3.5.6 Ar 4(0) is the ring of polynomials
inujp, 1 < j<r, 0< k< oo, and Louj, = (dj + k)uj, for some
d; > 0. So N is an Lgp-graded module over the algebra generated by
uj and %, deg(%) = —deguj, = —(d; + k) — —oo when k — oo.
Therefore every element of N is annihilated by almost all % and by all

monomials in the % of sufficiently high degree. It is well known (see,
J
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e.g., Lemma 9.13 from [Kac90] or Theorem 3.5 from [Kac97]) that in this
situation N = ALy (O) ® Ny where Ny is the space of n € N such that
%n =0 for all j and k. O
6.2.3. Let us prove Theorem 8.1.6. According to 5.6.8 we can apply
Lemma 6.2.2 to N := VY So N = 3,(0) ® W for some vector space
W. We will show that the natural U -module morphism f : Vad @W =
Vad ®;,(0)N — V is an isomorphism. One has (Ker )#®0 = Ker fAN =0,
so by 6.2.1 Kerf = 0. Suppose that Coker f # 0. Then according
to 6.2.1 there is a non-zero g ® O-invariant element of Coker f, i.e., a
non-zero U -module morphism Vacd — Coker f. It induces an extension
0 — Vad W — P — Vacd — 0 which does not split (the composition
of a splitting Vac — P and the natural morphism P — V would yield a
g ® O-invariant vector of V not contained in N). So it remains to prove the

following statement.

6.2.4. Proposition. Any extension of discrete U'-modules 0 — Vad @W —

P — Vacd — 0 such that TP = 0 splits (here W is a vector space).

Proof. Let p € P belong to the preimage of the vacuum vector from Vac .
Then (g ® O) -p C Vad @W. In fact (g ® O) -p C Vad @W; for some
finite-dimensional W7 C W, so we can assume that dim W < co. Moreover,
since the functor Ext is additive we can assume that W = C.

Let p be as above. Define ¢ : g ® O — Vacd by ¢(a) = ap, so ¢ is a
1-cocycle and Ker ¢ is open. We must show that ¢ is a coboundary. One
has the standard filtration U;c of U'. The induced filtration Vacy, of Vad' is
(g ® O)-invariant because the vacuum vector is annihilated by g ® O. So
g ® O acts on gr Vad. There is a k such that Im¢ C Vac). Denote by
the composition of ¢ : g ® O — Vac), and Vac), — Vad), / Vac,_, C gr Vac'.
So: g®O — gr Vacd is a 1-cocycle and it suffices to show that 1 is a

coboundary (then one can proceed by induction).
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Denote by Vac? the space of polynomials on g* ® wo (by definition, a
polynomial on g* ® wp is a function g* ® wp — C that comes from a
polynomial on the vector space g* ® (wo/m"wp) for some n). According
to 2.4.1 one has a canonical g ® O-equivariant identification gr Vac =
Sym(g ® K/g ® O) = Vac® (the action of g ® O on Vac® is induced by
the natural action of g® O on g* ®wp). So we can consider 1) as a 1-cocycle

g ® O — Vac®. Define 3, : (g® O) x (g" ® wo) — C by

(293) By(a,n) = (P(a))(n) .

We say that 7 € g* ® wo is regular if the image of 7 in g* ® (wo/mwo) is

regular.

Lemma. If n € g* ® wo is regular and ¢(n) is the stabilizer of 7 in g ® O
then

(294) Byla,n) =0 for ae€c(n).

Proof. We will use that IP = 0. Let F € Ker(3? — 3¢(0)), ie., F is
a (g ® K)-invariant polynomial function on g* ® wg whose restriction to
9" @ wo is zero (see 2.9.8). Suppose that F' is homogeneous of degree r. By
3.7.8 F is the symbol of some z € 3,. Since the image of F' in 331(0) is zero
the image of z in 34(O) belongs to the (r — 1)-th term of the filtration, so
according to 2.9.5 it comes from some 2’ € 3,_1. Replacing z by z — 2’ we
can assume that z € I N 3,.
Since I C U - (g ® O) we can write z as
0o
(295) z:Zuiai, a; €Eg®R 0, uZ-EU/, a; —0 for i— oco.
i=1
It follows from the Poincaré — Birkhoff — Witt theorem that the decompo-
sition (295) can be chosen so that u; € U;_l for all <. Rewrite the equality

zp =0 as

(296) Zuiap(ai) =0.
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Denote by u; the image of u; in U;,l/U;,z. (295) and (296) imply that

(297) F= Zﬂiam

(298) Zﬂﬂﬁ(ai) =0

where a; € g ® O is considered as a linear function on g* ® wx and u; is the

restriction of u; to g* ® wo. Denote by dF' the restriction of the differential

of F to g* ® wo. Since F vanishes on g* ® wo we have dF € Vac® &(g® O)

where ® is the completed tensor product. According to (297) dF = > u;®a;,
i

so we can rewrite (298) as
(299) u(dF) = 0

where p is the composition of id @1 : Vac? @(g ® O) — Vac® @ Vac® and
the multiplication map Vac® ® Vac® — Vac®.

Now set
(300) F(n)=Resf(nv, ve w%(l_r)

where f is a homogeneous invariant polynomial on g* of degree r. In this

case (299) can be rewritten as

(301) By(Ap(n)v,n) =0

where 3y, is defined by (293) and Ay is the differential of f considered as a
polynomial map g* — g (so Ay(n) € g® wg(r_l), A¢(n)v € g® O). Since
f is invariant Af(l) belongs to the stabilizer of [ € g* and if [ is regular
the elements A¢(l) for all invariant f generate the stabilizer. So the lemma

follows from (301) O

To prove the Proposition it remains to show that any 1-cocycle ¢ :
g ® 0 — Vac with open kernel such that the function (293) satisfies (294)

is a coboundary.
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Lemma. Let K be a connected affine algebraic group with Hom(K, G,,) =
0, W a K-module, and 3 a 1-cocycle Lie K — W. Then @ comes from a
unique 1-cocycle ¥ : K — W.

Proof. The uniqueness of ¥ is clear. The proof of existence is reduced to
the case where K is unipotent (represent K as a semidirect product of a
semisimple subgroup Kgs and a unipotent normal subgroup; then notice
that the restriction of ¥ to Lie K is a coboundary and reduce to the case
where this restriction is zero). Let K denote the semidirect product of K
and W. A 1l-cocycle K — W is the same as a morphism K — K such
that the composition K — K - K equals id. A 1-cocycle Lie K — W
has a similar interpretation. So we can use the fact that the functor

Lie : {unipotent groups} — {nilpotent Lie algebras} is an equivalence. [

So our l-cocycle 1 : g ® O — Vac® comes from a l-cocycle ¥ :

G(0) — Vac® where G(O) is considered as a group scheme. Define
By : G(0) x (¢" ®@wo) — C by Bu(g,n) = (¥(9))(n)-

Lemma. 1If n € g* @ wo is regular and C(n) is the stabilizer of n in G(O)
then

(302) By(g,m) =0 for geC(n).

Proof. For fixed n the map g — By(g,7n) is a morphism of group schemes
f: C(n) — G,. According to (294) the differential of f equals 0. So f =0
(even if C'(n) is not connected Hom(mo(C(n)), G,) = 0 because mo(C'(n)) is
finite; but in fact if G is the adjoint group, which can be assumed without

loss of generality, then C(n) is connected). O
The fact that ¥ is a cocycle means that

(303) By(g192,1) = Bu(g1,1) + Bu(g2, 97 'n91) -

We have to prove that By is a coboundary, i.e.,

(304) By(g.n) = f(g "ng) — f(n)
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for some polynomial function f : g* ® wo — C. Denote by gy, the set of
regular elements of g* and by (g* ® wo)reg the set of regular elements of
g" @wo (i.e., the preimage of g, in g* ®wp). Since codim(g* \ grez) > 1 it
is enough to construct f as a regular function on (g* ® wo)reg-

Let C' have the same meaning as in 2.2.1. The morphism g, — C
is smooth and surjective, G acts transitively on its fibers, and Kostant
constructed in [Ko63] a subscheme Kos C gy, such that Kos — C is an
isomorphism. If g* is identified with g using an invariant scalar product on
g then Kos =i ((99))+V where i and V have the same meaning as in 3.1.9.
Define Kosp C g* ® wo by Kosp :=i((99))-dt +V ®@ wo.

The equation (304) has a unique solution f that vanishes on Kosp. The

restriction of f to (g" ® wo)reg is defined by

(305) f(9g7'ng) = Bu(g,n) for ne€Kos, geGO).

Here f is well-defined since (as follows from (302) and (303)) one has
By(g19,m) = Bu(g,n) for n € (8" @ wo)reg, g1 € C(n). Now (303) implies
that the function f defined by (305) satisfies (304) O

Remark. At the end of the proof we used Kostant’s global section of the
fibration (g* ®wo )reg — Hitchg(O) (see 2.4.1 for the definition of Hitchy(O)).
Instead one could use local sections and the equality H!(Hitchg(O), O) = 0,

which is obvious because Hitchy(O) is affine.

6.2.5. Proposition 6.2.4 seems to be related with [F91] (see, e.g., the
Propositions in the lower parts of pages 97 and 98 of [F91]). Maybe a
modification of the methods of [F91] would yield Proposition 6.2.4 and much

more.
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7. Appendix: D-module theory on algebraic stacks

and Hecke patterns

7.1. Introduction.

7.1.1.  The principal goal of this section is to present a general Hecke format
which is used in the proof of our main Theorem. Its (untwisted) finite-
dimensional version looks as follows. Let G be an algebraic group, K C G
an algebraic subgroup, g the Lie algebra of G, and Y a smooth variety with
G-action. Denote by H := D(K \ G/K) the D-module derived category of
the stack K\ G/K. One has the similar derived category D(K \Y') and the
derived category D(g, K) of the category M(g, K) of (g, K)-modules. Then
we have the following “Hecke pattern”:

(a) H is a monoidal triangulated category,
(b) D(K \Y) is an H-Module,

(¢) D(g, K) is an H-Module,

(d) the standard functors

)
)
)
)

LA: D(g,K) — D(K\Y), RI':D(K\Y)— D(g,K)

are Morphisms of H-Modules.

Here LA, RI' are derived versions of the functors A, I' from 1.2.4.
The tensor product on H and H-Actions from (b) and (c) are appropriate
“convolution” functors ®. For example, consider the case K = {1}. Denote
by 04 the D-module of d-functions at ¢ € G. One has 0y, ® g, = g, g,-
For a D-module M on Y §,® M is the g-translation of M, and for a g-
module V' d,®V is V equipped with the g-action turned by Ad,. The
D-module structure on M identifies canonically 6, ® M for infinitely close
g’s; similarly, the g-action on V' identifies such d, ® V'’s. This allows to define

the convolution functors for an arbitrary D-module on G.

7.1.2.  The accurate construction of Hecke functors requires some D-module

formalism for stacks. For example, one needs a definition of the D-module
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derived category D()) of a smooth stack ) (it might not coincide with the
derived category of the category of D-modules on Y!). There seems to be
no reference available (except in the specific case when ) is an orbit stack,
i.e., the quotient of a smooth variety by an affine group action, that was
treated in [BL], [Gi87] in a way not too convenient for the Hecke functor
applications), so we have to supply some general nonsense to keep afloat.
We start in 7.2, following Kapranov [Kap91] and Saito [Sa89], with a
canonical equivalence between the derived category of D-modules and that
of Q-modules (here 2 is the DG algebra of differential forms) which identifies
a D-module with its de Rham complex. When you deal with stacks, 2-
modules are easier to handle: the reason is that €2 is a sheaf of rings on the
smooth topology while D is not. In the important special case of a stack
for which the diagonal morphism is affine this super® format is especially
convenient. Here one may define (see 7.3) the D-module derived category
directly using “global” Q-complexes. In 7.5, after a general homological
algebra digression of 7.4, we give a "local” definition of the D-module derived
category that works for arbitrary smooth stacks. In 7.6 parts (a), (b) of the
Hecke pattern are explained; we also show that for an orbit stack its D-
module derived category is equivalent to the equivariant derived category
from [BL], [Gi87]. In 7.7 we describe a similar super format for Harish-
Chandra modules; as a bonus we get in 7.7.12 a simple proof of the principal
result of [BL]. The Harish-Chandra parts (c), (d) of the Hecke pattern are
treated in 7.8. A version with extra symmetries and parameters needed in
the main body of the article is presented in 7.9. Before passing to an infinite-
dimensional setting we discuss in 7.10 a crystalline approach to D-modules
which is especially convenient when you deal with singular spaces (we owe
this section to discussions with J.Bernstein back in 1980). Sections 7.11 and

7.12 contain some basic material about ind-schemes, Mittag-Leffler modules,

“)A mathematician’s abbreviation of Mary Poppins’ coinage “supercalifragelistic-

expialidocious”.
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and D-modules on formally smooth ind-schemes. Section 7.13 is a review
of BRST reduction. The infinite-dimensional rendering of parts (c), (d) of
the Hecke pattern is in 7.14. Finally in 7.15 we show that positively twisted
D-modules on affine flag varieties are essentially the same as representations
of affine Kac-Moody Lie algebras of less than critical level. In the particular
case of D-modules smooth along the Schubert stratification, similar result
was found by Kashiwara and Tanisaki [KT95] (the authors of [KT95] do
not use the language of D-modules on ind-schemes). We also identify the
corresponding de Rham and BRST cohomology groups.

Our exposition of D-module theory is quite incomplete; basically we treat
the subjects that are used in the main body of the paper. The exceptions
are sections 7.4, 7.5 (the stack Bung fits into the formalism of 7.3), 7.10
(the singular spaces that we encounter are strata on affine Grassmannians,
so one may use 7.11), and 7.15 (included for the mere fun of the reader).

Recall that M‘(X) (resp. M"(X)) denotes the category of left (resp.
right) D-modules on a smooth variety X; we often identify these categories
and denote them by M(X). If F' is a complex then we denote by F" the
corresponding graded object (with the differential forgotten).

7.2. D- and Q2-modules.

7.2.1. Let X be a smooth algebraic variety ®. Denote by Qx the DG
algebra of differential forms on X. Then (X, Qx) is a DG ringed space, so we
have the category of Q2 x-complexes (:= DG Qx-modules). An Qx-complex
F = (F’,d) is quasi-coherent if F* are quasi-coherent Oy-modules; quasi-

coherent ) x-complexes will usually be called Q-complezes on X. Denote

“Jor, more generally, a smooth quasi-compact algebraic space over C such that the
diagonal morphism X — X x X is affine. The constructions and statements of this section
(but 7.2.10) are local, so they make sense for any smooth algebraic space. The condition
on X is needed to ensure that the derived categories we define satisfy an appropriate
local-to-global (descent) property. We discuss this in the more general setting of stacks in

7.5.
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the DG category of Q-complexes on X by C(X,Q). This is a tensor DG

category.

Remark. For an Qx-complex F the differential d : F° — F'*lis a
differential operator of order < 1 with symbol equal to the product map
Qﬁ( ® F' — F'tl. We see that the 2x-module structure on I can be
reconstructed from the Ox-module structure and d. In fact, forgetting the
Q)Z(l—action identifies C'(X, Q) with the category of complexes (F",d) where

I are quasi-coherent O x-modules, d are differential operators of order < 1.

7.2.2. Let C(X,D):=C(M"(X)) be the DG category of complexes of right
D-modules on X (right D-complezes, or just D-complezes for short), and
K (X, D) the corresponding homotopy category. We have a pair of adjoint
DG functors

(306) D: C(X,Q) — C(X,D), Q:C(X,D)— C(X,Q)

defined as follows. Denote by DRx the de Rham complex of Dy considered
as a left D-module, so DRy = QY 58)){ Dx. This is an 2-complex equipped
with the right action of Dx. Now for an {2-complex F' and a right D-complex
M one has

(307) DF =F © DRy, QM = Homp, (DRx,M).
X

The adjunction property is clear.

7.2.3. Remarks. (i) One has DF" = F" gi Dx = Diff(O, F"); the differential
dpr : DF" — DF'1t! sends a differential operator a : Ox — F’ to the
composition d-a. The Q-complex QM, (QM)" = @ ‘Ma ® AbOy is the
de Rham complex of M. S

(ii) The category M*(X) of left D-modules on X is a tensor category

in the usual way (tensor product over Ox), so the category of left D-

compleres C(M*(X)) is a tensor DG category. The DG functor Q :



HITCHIN’S INTEGRABLE SYSTEM 239

C(MH(X)) — C(X,Q) which assigns to a left D-complex N its de Rham
complex, (QAN) = QY (% N, is a tensor functor.

(iii) The DG categories C(X,Q) and C(X,D) are Modules over the
tensor DG category C(M*(X)). The functors D and Q are Morphisms
of C(M*(X))-Modules.

7.2.4. Lemma. For any D-complex M the canonical morphism DQM — M

is a quasi-isomorphism.
Proof. Set

Vi= @ M'®A6xeD3 C (DAM).
a—b=1
bte=j
Then V, is a increasing filtration of DQM by O-subcomplexes such that
Vo= M and V;/V;_; are acyclic for i > 1 (since V;/V;_1 is the tensor product
of M and the i-th Koszul complex for Ox). O

7.2.5. For an Q-complex F' set H,F' = HDF. Thus Hp is a cohomology
functor on K (X, Q) with values in the abelian category M"(X). A morphism
of Q-complexes ¢ : F1 — F5 is called D-quasi-isomorphism if the morphism
of D-complexes D¢ : DF; — DF; is a quasi-isomorphism, i.e., HyF; —
HpF, is an isomorphism. We have the following simple properties (use
7.2.4 to prove (ii), (iii)):

(i) If ¢ is a D-quasi-isomorphism, N is a left D-module flat as an O-module
then ¢ ® idy : F1 ® N — F, ® N is a D-quasi-isomorphism.

(ii) The canonical morphism ap : F' — QDF is a D-quasi-isomorphism.

(iii) 2 sends quasi-isomorphisms to D-quasi-isomorphisms.

The following lemma will not be used in the sequel; the reader may skip
it. We say that a morphism of (2-complexes ¢ : F1 — F5 is a naive quasi-
isomorphism if it is a quasi-isomorphism of complexes of sheaves of vector

spaces.
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7.2.6. Lemma. (i) Any D-quasi-isomorphism is a naive quasi-isomorphism.
(ii) A morphism ¢ as above is a D-quasi-isomorphism if and only if for any
bounded below complex A of locally free 2-modules the morphisme¢ ® id 4 :
M ®A— F, ® Ais a naive quasi-isomorphism.
(iii) Assume either that Q=1F; = 0 (i.e., the differential is O-linear), or
that F; are bounded and O-coherent. Then any naive quasi-isomorphism ¢

is a D-quasi-isomorphism. For arbitrary 2-complexes this may be not true.

Proof. (i) For any Q-complex F' the canonical morphism ap : FF — QDF is a
naive quasi-isomorphism. Since {2 sends quasi-isomorphisms of D-complexes
to naive quasi-isomorphisms we see that 2(D¢) is a naive quasi-isomorphism.
Now our statement follows from the fact that ap,¢ = Q((Do)ar, .

(ii) To prove the "if” statement just take A = DRx. Conversely, assume
that ¢ is a D-quasi-isomorphism. There is a bounded below increasing
filtration A; on A such that UA; = A and each gr;A is a locally free Q-
module with generators in degree i (set 4; := Qx-A<;). So pRid4 is a naive
quasi-isomorphism if all ¢ ® idg., 4 are naive quasi-isomorphisms. Thus we
may assume that A is a locally free 2y-module with generators in fixed
degree, say 0, i.e., A = QN where N is a left D-module locally free as an
O-module. Then ¢ ® idg = ¢ ® idy, and we are done by (i) from 7.2.5.

(iii) The O-linear case is obvious (since in this situation DF = F 58))( Dx).
The O-coherent case follows from the Sublemma below applied to D¢ (notice
that because of property (ii) from 7.2.5 the fiber of DF at = coincides with
R (X, F)).

Sublemma. Let ¢ : M; — My be a morphism of finite complexes of
coherent D-modules on X. Assume that for any € X (C) the corresponding
morphism of fibers®) My, — Ma, is a quasi-isomorphism. Then 1) is a quasi-
isomorphism.

Proof of Sublemma. Set C' = Cone(1)); denote by Y the support of H"(C').

Assume that v is not a quasi-isomorphism, i.e., Y is not empty. Restricting

) Certainly here we consider the O-moduli fibers in the usual derived category sense.
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X if necessary we may assume that Y is a smooth subvariety of X and the
coherent Dy-modules P := i}, H (C) = H'i}(C) are free as Oy-modules.
Since for € Y one has H'(C,) = P,™ where n is codimension of ¥ in X
we see that P° = 0 which is a contradiction.

To get an example of a naive quasi-isomorphism which is not a D-quasi-
isomorphism it suffice to find a non-zero D-module M such that QM is an
acyclic complex of sheaves. Take M to be a constant sheaf of Dx-modules
equal to the field of fractions of the ring of differential operators (at the
generic point of X). O

7.2.7. Since Hp is a cohomology functor, D-quasi-isomorphisms form a
localizing family in the homotopy category of C(X,Q). Therefore the
corresponding localization D(X, ) is a triangulated category (see [Ve]);
we call it D-derived category of Q-complexes. The functors D, ) give rise

to mutually inverse equivalences of triangulated categories
(308) D: D(X,Q) — D(X,D), Q: D(X,D) — D(X,Q).

Here D(X,D) = DM"(X). We often denote these triangulated categories
thus identified by D(X). One may consider bounded derived categories as
well.

Remark. For a bounded from below complex of injective D-modules M
the corresponding Q2-complex QM is injective. Thus the homotopy category
K*(X,9Q) has many injective objects.

7.2.8. Let f:Y — Z be a morphism of smooth varieties. It yields the
morphism of DG ringed spaces fq : (Y,Qy) — (Z,Q%). Thus we have the
corresponding DG functors fg, : C(Z,Q) — C(Y,Q), f. = fo. : C(Y,Q) —
C(Z,9). Let us consider first the pull-back functor.

We have the usual pull-back functor for left D-modules fT : M‘(Z) —

MY, fI(N) = Oyf*(?o f7IN. One has QfTf(N) = f,(QN). One
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may replace left D-modules by right ones*) and consider the corresponding
functor fT: M"(Z) — M"(Y); then fo,(QM) = Qf T M[—dimY/Z].

If f is smooth then for any F € C(Z,Q) one has HpfoF =
fTHb_dimY/ 7F. So fo, preserves D-quasi-isomorphisms and we have the
functor fg, : D(Z,Q) — D(Y,Q). The adjunction morphism D f;,(2M) —
fIM[—dim U/X] is a quasi-isomorphism.

7.2.9. Lemma. -complexes are local objects with respect to the smooth
topology, i.e., the pull-back functors make C(U, ), U € X4, a sheaf of DG
categories on the smooth topology of X. The notion of D-quasi-isomorphism

is local on Xgp,. O

7.2.10. Let us return to situation 7.2.8 and consider the DG functor
f-:C(Y,Q) — C(Z,9Q). The right derived functor Rf. : D(Y,Q) — D(Z,Q)
is correctly defined. Indeed, let U. be a (finite) affine covering (either étale
or Zariski) of Y. For F' € C(Y,Q) let F — C(F) be the corresponding Cech
resolution of F. Then* f.C(F)= Rf.F.

We denote the corresponding functor D(Y) — D(Z) by f.. It coincides
with the usual D-module push-forward functor. Indeed, for a D-complex
M on Y one has Df.QM = f.(QM ® fIDy) = f. (D(QM)gi fiDz). Since
fIDy is a flat Oy-module and D(QM) is a resolution of M we see that
D(QM)% Dy = Mé fIDy. Thus f,M = Rf.(Mg% fIDz), q.e.d.

We leave it to the reader to check that Rf. is compatible with
composition of f’s, i.e., that the canonical morphism R(fg). — Rf. Rg.
is an isomorphism*®, and that this identification (fg)s = f.gs coincides with

the standard identification from D-module theory.

7.2.11. For a D-complex M on Y denote by Mp € D(Y,0) same M
considered as a complex of @'-modules. One has a canonical integration
“Jusing the standard equivalence M*(Z) < M(Z), N +— N @ wz.

*)this follows, e.g., from Remark after 7.3.9.

“Jsee 7.3.10(ii) for a proof of this statement in a more general situation.
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morphism
(309) i : Rf.(Mo) — (feM)o

in D(Y,0) defined as follows. It suffice to define the morphism i
f-(Mo) — D(f.QM). Now iy is the composition

f-(Mo) — [D(f-(Mo))lo — [D(f-QM)]o

where the arrows come from the canonical morphisms N — (DN)p (for
N = f.(Mp)) and Mo — QM. In other words, iy comes by applying Rf.
to the obvious morphism My — (Mg% fD2)o.

We leave it to the reader to check that iy is compatible with composition

of f’s.

7.3. D-module theory on smooth stacks I. We establish the basic D-
module formalism for a smooth stack that satisfies condition (310) below. In
7.3.12 we modify the definitions so that one may drop the quasi-compactness

assumption. The arbitrary smooth stacks will be treated in 7.5.

7.3.1. Let Y be a smooth quasi-compact algebraic stack. Assume that it

satisfies the following condition®):
(310) The diagonal morphism Y — ) x ) is affine.

Equivalently, this means that there exist a smooth affine surjective
morphism U — Y such that U is an affine scheme. In other words, ) is
a quotient of a smooth algebraic variety X modulo the action of a smooth
groupoid Q*) such that the structure morphism Q — X x X is affine.

Note that Q(U), U € Vs, form a sheaf of DG algebras Qy on Vs,. An Q-
complezx on Y is a DG 2y-module which is quasi-coherent as an Oy-module.
We denote the DG category of 2-complexes on ) by C(Y,Q).

“)This condition is needed to ensure that the category D(Y) we define has right local-
to-global properties, see 7.5.3. The constructions 7.3.1-7.3.3 make sense for any smooth

algebraic stack.

Q=X x X.
Y
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Remark. The categories C'(U,Q), U € Vs, form a sheaf of DG categories
C(Vsm, Q) on Vg, (see 7.2.9), and an Q-complex on Y is the same as a
Cartesian section of C(Ysm,€?). Equivalently, an Q-complex on ) is the

same as a (Q-equivariant -complex on X.

7.3.2. Recall that the categories of D-modules M(U), U € Vg, form a
sheaf of abelian categories on Vs, and the category M()) of D-modules
on ) is the category of its Cartesian sections. By 7.2.8 there is a canonical
cohomology functor Hy, : C(Y,Q2) — M(Y), Hp(F)y = H;dimU/y(FU).
A morphism of Q-complexes is called a D-quasi-isomorphism if it induces
an isomorphism of Hp’s. Localizing the homotopy category of {2-complexes
by D-quasi-isomorphisms we get a triangulated category D()) = D(), ).
One has the corresponding bounded derived categories as well.

There is a fully faithful embedding M()) — D()Y) which assigns to a
D-module M on Y its de Rham complex QM, (QM)y := QMy[—dim U/ Y.
One has H%QM = M and HAQOM = 0 for a # 0. It is easy to see that
(2 identifies M(Y) with the full subcategory of D()) that consists of those
Q-complexes F' that H%(F) = 0 for a # 0.

7.3.3. Example. Denote by 2Dy the Q2-complex on Y defined by QDyy :=
QpyldimY]. Note that H(2Dy) = 0 for @ > 0. If YV is good then our
Q-complex belongs to the essential image of M()); the corresponding D-
module Dy = HY(QDy) coincides with the left D-module Dy from 1.1.3.
More generally, for any O-module P on ) we have the Q-complex (Dy ® P)
with Q(Dy ® P)y = QU/y(;@;PU[dimy]. If Y is good and P is locally
free then our Q-complex sits in M(Y) and equals to the left D-module
Dy ® P =Dy g}; P.

Denote by D(Y)Z° ¢ D(Y) the full subcategory of Q-complexes F' such
that HAF = 0 for a < 0; define D(Y)=C in the similar way.

7.3.4. Proposition. This is a t-structure on D()) with core M()) and

cohomology functor Hp.
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This proposition follows immediately from Lemma 7.5.3 below. A
different proof in the particular case where ) is an orbit stack may be found

in 7.6.11.

7.3.5. Remark. Consider the functor Q@ : C(M(Y)) — C(Y,Q). For
M € C(M(Y)) one has H' M = Hp(QM), so § yields the t-exact functor
Q: D(M(Y)) — D(Y) which extends the “identity” equivalence between
the cores. This functor is an equivalence of categories if ) is a Deligne-

Mumford stack®), but not in general.

7.3.6. Let f: )Y — Z be a morphism of smooth stacks that satisfy (310).
It yields a morphism of DG ringed topologies (Vsm, Qy) — (Zsm, Qz) hence

a pair of adjoint DG functors
(311) fa: C(Z,Q) —-CV,Q), f:CY,Q) —C(Z,Q)

and the corresponding adjoint triangulated functors between the homotopy
categories (since ) is quasi-compact f. preserves quasi-coherency).

If f is smooth then f;, preservres D-quasi-isomorphisms, so it defines
a t-exact functor f° : D(Z) — D(Y). It is obviously compatible with
composition of f’s.

Let f be an arbitrary morphism. We define the push-forward functor
f«: DY(Y) — DT(Z) as the right derived functor Rf.. We will show that
f+ is correctly defined in 7.3.10 below. One needs for this a sufficient supply
of "flabby” objects.

7.3.7. Definition. We say that an O-module F' on Y is loose if for any flat
O-module P on Y one has H*(), P® F) = 0 for a > 0. An O- or Q2-complex

F is loose if each F' is loose.

“)which means that ) admits an etale covering by a variety. In this situation the functor
D : C,Q) — C(M(Y)) makes obvious sense (which yields the inverse equivalence
D(M(Y)) — D(Y) as in 7.2.7.
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7.3.8. Lemma. (i) For any Q-complex F’' on Y there exists a D-quasi-
isomorphism F’ — F such that F is loose. If F’ is bounded from below
then we may choose F' bounded from below.

(ii) Assume that f (see 7.3.6) is smooth and affine. Then f,, f. send loose
Q-complexes to loose ones.

(iii) If Fy, Fy are loose Q2-complexes on stacks Vi, Yo then F; X F is a

loose 2-complex on YVq X )s.

Proof. (i) Since ) is quasi-compact, there exists a hypercovering U. of ) such
that U, are affine schemes. Since the diagonal morphism for ) is affine, the
projections 7, : U, — Y are affine. Take for F' the Cech complex of F' for
this hypercovering, so F* = @ ﬂa.(Ff}:“).

(ii) Clear. =

(iii) We may assume that F; are loose Oy,-modules. Let P be a flat O-
module on Y x V. Since Fj is loose, one has R%ps.(P®piF1) = 0 for a > 0
and po.(P ® piF1) is a flat O-module on s (here p; : Y1 x Yo — Y are the
projections). Thus H*(Y1 X Vo, PR(F1XFy)) = H% (), (p2- (PRpiF1))®F»)

which vanishes for a > 0 since F5 is loose. O
Let us return to the situation at the end of 7.3.6.

7.3.9. Lemma. If F is a loose Q-complex on ) bounded from below then

f.F = Rf.F.

Proof. Tt suffices to check that if our F' is in addition D-acyclic (i.e., satisfies
condition HnF = 0) then f.F' is also D-acyclic (use 7.3.8(i)).

a. We may assume that Z is a smooth affine scheme Z. Indeed, the
statement we want to check is local with respect to Z. Replace Z by an
affine Z € Z,,,, Y by YV x Z, and F by its pull-back to )V x Z. The new data
satisfy all the conditionj of the lemma. :

b. We may assume that ) is a smooth affine scheme Y. Indeed, take U. as
in (i), and denote by A the Cech complex with terms A’ = @ (f7q)- (F(Za)

a>0
This is an Q-complex on Z. Since F' is loose the obvious morphism f.F' — A



HITCHIN’S INTEGRABLE SYSTEM 247

is a D-quasi-isomorphism (use (310)). Note that A carries an obvious
filtration with successive quotients (fm,).(Fy,)[—al. If we know that these
are D-acyclic, then A is D-acyclic (use the fact that F' is bounded from
below), hence f.F' is D-acyclic.

c. Leti:Y — Y X Z be the graph embedding for f. Then G := i.F
is D-acyclic. Since f.F = p.G (here p is the projection Y x Z — Z) what
we need to show is that p.G is D-acyclic. Let T be the relative de Rham
complex for DG along the fibers of p. We are in a direct product situation
so p.T is a D-complex on Z. There is an obvious morphism of D-complexes
Dp.G — p.T which is a quasi-isomorphism. Since p.T is acyclic (T carries
a filtration with successive quotients DG ® A®y, and DG is acyclic) we are

done. O

Remark. If f is an affine morphism then for any F' € C(),{2) one has
f-F = Rf.F. Indeed, the statement is local with respect to 3, so we may
assume that 3 is an affine scheme. Then ) is an affine scheme, hence any

complex on Y is loose; now use 7.3.9.

7.3.10. Corollary. (i) The functor f, := Rf.: DT (Y) — D*(Z) is correctly
defined.
(ii) f« is compatible with composition of f’s, i.e., the canonical morphism

(f1f2)« — fixfox is an isomorphism.

Proof. (i) Use 7.3.8(i) and 7.3.9.

(ii) f. sends loose Q-complexes to loose ones. O

7.3.11. Remarks. (i) The above lemmas are also true in the setting of O-
complexes.

(ii) Assume that the functor f. on the category of O-modules on ) has
finite cohomology dimension (e.g., this happens when f is representable).
Then f, := Rf. is well-defined for the derived categories of {2-complexes
with arbitrary boundary conditions. Indeed, 7.3.9 (together with its proof)

remains valid for unbounded loose {2-complexes.
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(iii) If our stacks are smooth varieties then the above functor f, is the
standard push-forward functor of D-module theory (see 7.2.10). In this
situation lemma 7.3.9 (and its proof) remains valid if we assume only that
the cohomology H(U, F?), a > 0, vanish for any Zariski open U of Y such

that U — Y is an affine morphism.

7.3.12. Let now ) be any smooth stack such that the diagonal morphism
Y — Y x ) is affine (i.e., we drop the quasi-compactness assumption). Then
the category of Q2-complexes on ) may be too small to define the right D-
module derived category. One extends the above formalism as follows.

To simplify the notations let us assume that ) admits a countable covering
by quasi-compact opens. In other words ) is a union of an increasing
sequence V) C Y, C ... of open quasi-comact substacks. An Q-complex
on ). is a collection F' = (Fj,a;) where F; are Q-complexes on ); and
a; : Fit1]y, — F; are morphisms of Q-complexes which are D-quasi-
isomorphisms. Such Q-complexes form a DG category C().,2), so we have
the corresponding homotopy category K ().,€). It carries the cohomology
functor Hp with values in the abelian category M())) of D-modules on ),
Hp(F)|y, = Hp(F3).

We define D()., Q2) as the localization of K ()., Q) with respect to D-quasi-
isomorphisms. The triangulated categories D()., Q) for different ).’s are
canonically identified. Indeed, let yj’. be another sequence of open substacks
of Y as above. Choose an increasing function j = j(i) such that ); C y]’.(i).
Let us assign to an Q-complex F’ on )/ the Q-complex F on Y., F; = FJ’ ) |y,
This functor commutes with Hp. The corresponding functor between the
D-derived categories does not depend (in the obvious sense) on the auxiliary
choice of j(7), and it is an equivalence of categories.

We see that the category D().,Q) depends only on ), so we denote
it by D(Y,Q) or simply D()). Our triangulated category carries the
cohomology functor Hp : D(Y) — M(Y) and there is a canonical fully
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faithful embedding © : M(Y) — D(Y) (see 7.3.2). Proposition 7.3.4 remains
true; the proof follows from 7.5.4.

Let f : Y — Z be a morphism of smooth stacks that satisfy our
assumption. If f is smooth then one defines the t-exact pull-back functor
f : D(Z) — D(Y) in the obvious manner. If f is an arbitrary quasi-compact
morphism then one has a canonical push-forward functor f, : D()J)Jr —
D(Z)*. We define it after a short digression about loose 2-complexes.

By definition, F' € C().,Q) is loose if such are all F; € C();,Q2). Lemma
7.3.8(1),(iii) remains true in our setting. This means that one may define
the D-derived category using only loose complexes. To prove 7.3.8(i) choose
coverings 7; : V; — ); such that V; is an affine scheme. Denote by U; the
disjoint union of V}’s, 1 < j <4, and by U;. the corresponding hypercovering
of V;, U, is the a-multiple fibered product of U; over );. Now take any
F' € C().,Q). Let F; be the Cech complex of F for the hypercovering
Ui. (see the proof of 7.3.8(1)). Then F; form an Q-complex F' on ). in the
obvious manner. This F' is loose, and the obvious morphism F’ — F is a
D-quasi-isomorphism, q.e.d.

Now let us define f,. Let Z; be a sequence of open quasi-compact
substacks of Z as above. Then )); := f~!2Z; is the corresponding sequence
for Y. Let F be a bounded from below loose -complex on ).. Then
(f-F); := f.(F;) form an Q-complex f.F on Z. (use 7.3.9). The functor
f- preserves D-quasi-isomorphisms (by 7.3.9). Our f, is the corresponding
functor between the D-derived categories. Corollary 7.3.10(ii) together with
its proof remains true.

Assume that in addition all the functors f;. : M(Y;, O) — M(Z;, O) have
finite cohomological dimension (e.g., this happens when f is representable).
Then the functor f, is correctly defined on the whole D()). Indeed, let F
be any loose Q-complex on ).. Then (f.F); := f.(F;) form an Q-complex
f-F on Z. (use 7.3.11(ii)). The functor f. preserves D-quasi-isomorphisms,
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and we define f, : D()) — D(Z) as the corresponding functor between the

D-derived categories.

7.3.13. Remark. Let A be a commutative algebra. Let M(), A) be the
abelian category of D-modules on ) equipped with an action of A. One
defines a t-category D(Y,A) with core M(Y,A) as in 7.3.12 using -
complexes with A-action. The standard functors render to the A-linear
setting without problems. More generally, let Ay be a commutative D-
algebra on ) (:= a commutative algebra in the tensor category M*())).
We have the abelian category M(Y, Ay) of Ay-modules and its derived
version D(Y, Ay) defined as in 7.3.12 using Q-complexes with Ay-action.

7.4. Descent for derived categories. We explain a general homotopy
inverse limit construction for derived categories. We need it to be able to

formulate a ”local” definition of the D-module derived categories.

7.4.1. Denote by (A) the category of non-empty finite totally ordered sets
A, = [0,n] and increasing injections. Let M. be a family of abelian
categories cofibered over (A) such that for any morphism « : A, — A,,
the corresponding functor a. : M,, — M,, is exact.

Denote by Miqt the category of cocartesian sections of M., so an object
of Mot is a collection M = {M,,a*}, M, € M,, o = o, : o.M, = M,
are isomorphisms such that (af)* = a*«a.(5*) (here 5 : A; — A,). This
is an abelian category. Note that M. is compatible with duality: one has
(Miot)? = (M®)sot-

Our aim is to define a t-category Diot(M.) with core Myo; which satisfies
the following key property:

For any M, N € My there is a canonical spectral

(312) sequence EF'? converging to Extthjt(M')(N, M) with
EPY = Extl, (N, My).

The construction of Dyt (M.) is compatible with duality.
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7.4.2.  Consider the category sec; = sect (M.) whose objects are collections
M = (M,,o*) where M,, € M,, o = o}, : a.M,, — M, are morphisms
such that (af8)" = a*a.(8*), idy, = idag,. This is an abelian category
which contains My as a full subcategory closed under extensions. Define
sec_ = sec_(M.) by duality: sec_(M.) := (secy(M?))°, so an object of
sec_ is a collection N = (N, ), Ny € My, o = a : Ny — . N,
Consider the DG categories C'sec+ of complexes in secy and the

corresponding homotopy categories K sec. There are adjoint DG functors
(313) cy : Csec. — Csecy c_: Csecy — Csec_

defined as follows. Take M € Csecsy. Then for any m > 0 we have a
“cohomology type” coefficient system Mm on the simplex A, with values
in CM,,. Namely, Z\7m assigns to a face a: A, — A,, the complex o.M,
and if o/ : A; — A,, is a face of o, i.e., @’ = af3, then the corresponding
connecting morphism o/ M; — a.M,, is «a.(6*). Now (c_M),, is the total

cochain complex C"(Ap, M) (so (M), = @ o.M ™), as-

m
o: Ap—Am
are the obvious projections. One defines ¢y by duality.
To see that c4 are adjoint consider for N, M as above the complex of

abelian groups Hom(N, M) with terms

Hom(N,M)" = [ [ Hom(Ng*", M+

a,n

and the differential wich sends f = (fon) € Hom(N, M) to df,

(df)a,n = dfa,n - (_1)i+nfa+1,nd + Z (_1)ja§aj~(fa+1,nfl)aj*-

7=0,..,n

Here aj : A1 — A, is the 4t face embedding. Now the adjunction prop-

erty follows from the obvious identification of complexes of homomorphisms

(314) Hom(cyN,M)= Hom(N, M)~ Hom(N,c_M)
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7.4.3. Remark. Fix some m > 0. For i =0,..,m let v; : c_(M),, — M,, be
the composition of the projector c_ (M), — ;- My and o : ;. Mo — Mp;
here o; : Ag — A,, is the i*" vertex. Now all the morphisms v;’s are

mutually homotopic (with canonical homotopies and ”higher homotopies”).

7.4.4. Lemma. The functors ci preserve quasi-isomorphisms. The adjunc-
tion morphisms cyc- M — M, N — c_c+ N are quasi-isomorphisms. [
We see that cy define mutually inverse equivalences between the derived
categories Dsect. Let us denote these categories thus identified by D sec.
So D sec carries two t-structures with cores secy and cohomology functors

H. : Dsec — sect.

7.4.5. Let Ciot+ C C'secy be the full subcategory of complexes M such that
H'M € My C secy for any i. In other words M € C'secy belongs to Ciot 4
if all the morphisms o}, are quasi-isomorphisms. Define Cio;— C C'sec_ in
the similar way. Let Kiot+ C K sect, Diot+ C D secyt be the corresponding
homotopy and derived categories; these are triangulated categories.

The derived categories D(M,) form a cofibered category over (A).
Denote by D{:tke the category of its cocartesian sections (this is not a
triangulated category!). The cohomology functors for M. define a functor
H : D{** — M. One has an obvious functor e; : Dyoy + — DI%* which
assigns to M the data (M, ax) considered as an object of D{Oatke. There is

. . fake
a similar functor e_ : Dioy — Dy .

7.4.6. Lemma. For any M € Dio 4 one has c. M € Dyo —, and there is a
unique isomorphism e_(c_ M) = ey (M) such that its 0* component is idy, .

One also has the dual statement with + and - interchanged.

Proof. Use 7.4.3. O

7.4.7. We see that the functors cy identify the triangulated categories
Diot+. In other words, the subcategories Diot+ C D sec coincide; this is

the category Dyot = Diot(M.) that was promised in 7.4.1. The functors ey



HITCHIN’S INTEGRABLE SYSTEM 253

are canonically identified, so we have the functor € : Dyoy — D{Oatke. Note

that H1 = He, so we have a canonical cohomology functor H : Dioy — Miot.
This is a cohomology functor for a non-degenerate t-structure on Dy with
core Myot. Note that the embedding Dyt < D sec is t-exact with respect
to either of 4 t-structures on D sec; it identifies the core My with the

intersection of cores sec; and sec_.

7.4.8. Let us derive the spectral sequence (312) from 7.4.1. More generally,
consider objects N € D~ sec. C Dsec, M € D%Vsec; C Dsec. Let
us represent them by complexes N € K~ sec_, M € K*sec,. Consider
the complex Hom(N,M) (see 7.4.2). It carries an obvious decreasing
filtration F* with grf = Hom(N,, M,)[—n]. Note that Hom(N, M) is a
bounded below complex and filtration F" induces on each term Hom/(N, M)®
a finite filtration. We consider Hom(N, M) as an object of the filtered
derived category DF of such complexes. Let RHom(N,-) be the right
derived functor of the functor K*secy — DF, M — Hom(N,M). This
functor is correctly defined, and the obvious morphism grjz RHom(N, M) —
RHom(Ny,, My,)[—n] is a quasi-isomorphism for any n. This follows from
the fact that for any quasi-isomorphism f : M, — I in M, there
exists a quasi-isomorphism g : M — J in KT sec; and a morphism
h : I — J, such that g, = hf. Consider the spectral sequence EX? of
the filtered complex RHom(N,M). It converges to H' RHom(N, M), and
EP? = HIRHom (N, My).

7.4.9. Remark. Assume that the categories M,, have many injective objects.
Then the category K., has many injective objects (i.e., the functor
K{,_ — DY, admits a right adjoint functor). Indeed, if I € K\ is a
complex such that eacb I is an injective object of M, then c_I is an

injective object of K., |

and any object in K., is quasi-isomorphic to
such I. Dually, if M,, have many projective objects then K, has many

projective objects.



254 A. BEILINSON AND V. DRINFELD

7.4.10. This subsection will not be used in the sequel; the reader may skip
it. One may define D sec, hence Dioy, in a slightly different way which is
convenient in some applications®). We define the category hot, = hot(M.)
as follows. Its objects are families A = (A,,), Am € M;,. A morphism
f A — B is a collection (f,) where for an arrow a : A, — A,
the corresponding f, is a morphism «.A, — B,,. The composition of
morphisms is (fg)a = Y. fsf-(gy). This is an additive category. Set
hot_(M.) = (h0t+(/\/lf’§[‘:.mWe have the corresponding DG categories of
complexes Chot.

One has a DG functor t4 : C'sec. — Chots which sends M € C'secy
to a complex t1M € Choty with components (t4M)%, = M3 ™ and
the differential d = d; s such that diq, = (—l)md‘]’\/;:‘ M —
Mﬁfmﬂ, and for the ith boundary map «a; : A, — Api1 one has
do, = (—1)'af : ap Mg™™ — Mg, all other components of d are zero.
For | € Hom(My, Mz) one has t;(l)iqy, = lm, the other components are
Z€ero.

Remark. The functor ¢, is faithful. One may consider objects of C'hot
as ”generalized complexes” in secy with extra higher homotopies.

One also has a DG functor s_ : Choty — Csec_ defined as follows. For

A € Choty the complex s_A has components (s_A)% = > BACL.
The compatibility morphism o, : (s—A)f — a.(s—A)%, for K;A:zlim_} A
has component . A} — «o.(. A% equal to idy ¢ it k = n, v = af and zero
otherwise. A component 7. A} — o.3. A% of the differential d;_4 : (s—A)%, —
(s A)%Fl is equal to v.(das) if B = +vd and zero otherwise.

Remark. The DG functor s_ is fully faithful.

We define DG functors t_ : C'sec. — Chot_ and sy : Chot_ — C'secy
by duality. Note that the composition s;t_ : Csec—. — C'secy coincides

with the functor ci from 7.4.2; similarly, s_t;y = c_. The functors

*)This construction goes back to the works of Toledo and Tong.
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t_s_ : Choty — Chot_ and tys; : Chot- — Choty are adjoint (just
as the functors c4, see 7.4.2).

We say that a morphism f : A — B in the homotopy category Khot+
of Choty. is a quasi-isomorphism if all the morphisms f, := fia,, : Am —
B,, are quasi-isomorphisms. Quasi-isomorphisms form a localizing family.
Denote the corresponding localized triangulated categories by Dhot .

The functors s4,t4+ preserve quasi-isomorphisms, so they define functors
between the derived categories. The adjunction morphisms for compositions
of these functors are quasi-isomorphisms. So our derived categories
D secq, Dhot4 are canonicaly identified.

Remarks. (1) A complex A € Dhoty belongs to Dy if and only if for
any o : Ay, — Apyy1 the a-component da, @ a. Ay — Ay is a quasi-
isomorphism of complexes (the differential on A,, is d4iq A,, s Same for Ap,41).

(ii) If the categories M,, have many injective objects then K*hot, has
many injective objects. Dually, if M, have many projective objects then

K~ hot_ has many projective objects (cf. 7.4.9).

7.4.11. Some of the above constructions make sense in the following slightly
more general setting. Consider any family of DG categories C. cofibered over
(A). One has the DG categories Csecy = secy(C.) (defined exactly as the
categories sect (M.) in 7.4.2), and the corresponding homotopy categories.
One defines the adjoint functors c+ between the + categories as in 7.4.2.

Assume in addition that we have M as in 7.4.1 and a family of cohomology
functors H : C. — M. compatible with the fibered category structures.
We get the corresponding cohomology functors Hy : Csecy — sect.
Localising our homotopy categories by H-quasi-isomorphisms we get the
derived categories Dsect. As in Lemma 7.4.4 the functors ci identify the
categories Dsecy, so we may denote them simply Dsec. One defines the
categories Ciot+, €tc., as in 7.4.5. Lemma 7.4.6 remains true, so we have
the full triangulated subcategory Dioy C D sec and the cohomology functor
H : Diot — Mot
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7.5. D-module theory on smooth stacks II.

7.5.1. Let ) be an arbitrary smooth algebraic stack. Let U. be a
hypercovering of ) such that each U, is a disjoint union of (smooth) quasi-
compact separated algebraic spaces (e.g., affine schemes). We call such
U. an admissible hypercovering. Consider U. as a (A)°-algebraic space.
The categories M(U.) form a (A)-family of abelian categories as in 7.4.1;
the corresponding category Mo is M(Y). According to 7.4.7 we get the
corresponding t-category Diot = Diot(U., D) with core M()).

We may also consider DG categories C(U., Q) together with the coho-
mology functors Hp. : C(U.,Q) — M(U.), Hp,F,, = HpF,[dim U, /Y] for
F, € C(Uy,Q), and apply 7.4.11. We get a triangulated category Dyt (U., )
together with a cohomology functor Hp : Dyt (U., Q) — M(D).

The categories Diot(U., D) and Diot(U.,€2) are canonically identified.
Namely, one has a functor Q. : C(U.,D) — C(U.,Q), Qn(M,) =
QM,[—dimU,/Y]. This functor is compatible with DG and fibered
categories structures, and with the cohomology functors (i.e., H = Hp.{.).

Therefore it yields an exact functor
(315) Q: Diot(U., D) — Dot (U., Q)

This functor is an equivalence of categories. Indeed, though the functor D
between C'(U.,2) and C(U., D) is not compatible with the fibered category
structures, it provides the functor D : Csec_(U.,Q) — Csec_(U.,D),
(DF),, = DF,[dim U, /Y] (use 7.2.8 to define a*’s). This D is left adjoint
to the corresponding () functor, and is compatible with the cohomology
functors. The D-) adjunction morphisms are quasi-isomorphisms (see 7.2.4,
7.2.5), so D yields the functor inverse to (315).

We denote the categories Diot(U., D) and Dy (U.,Q2) thus identified
simply by Dyt (U.).

7.5.2. Propositon. There exists a canonical identification of t-categories

Dyt (U.) for different admissible coverings of ).
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For a proof see 7.5.5 below. We denote these categories thus identified by
D(Y); this is a t-category with core M()).

Before proving 7.5.2 let us show that if ) satisfies condition (310) then,
indeed, we get the same category D()) as in 7.3.2. By the way, this implies
7.3.4.

Choose a hypercovering U. of Y such that U, are affine schemes. There

is an obvious exact functor (restriction to U.)
(316) r: D(Y,Q) — Dot (U., Q)
7.5.3. Lemma. The functor r is an equivalence of categories.

Proof. Let us construct the inverse functor. For F' € Ko 4+ (£2) define the
Q-complex 7. F on Y as the total complex of Cech bicomplex with terms
1. F% .= m(F*), so (m.F)* = @ F%; here m, are projections U, — Y.
Thus we have the exact functo(?rfrfn: Kiot +(2) — K(),Q). This functor
preserves D-quasi-isomorphisms (since, by (310), the projections m, are
affine), so it defines a functor Dy (U.,Q2) — D(), ).

We leave it to the reader to check that this functor is inverse to r (hint:
for I’ as above the adjunction quasi-isomorphism 7,7 F' — F comes from a
canonical morphism 7om. F — c_F in C'sec_(U.,Q)).

O

7.5.4. Remark. The above lemma renders to the setting of 7.3.12 as follows.
Let YV be any smooth stack such that the diagonal morphism Y — Y x Y
is affine. Then the categories D()) as defined in 7.3.12 and 7.5.1 are
canonically equivalent. Indeed, let ); be a sequence of open substacks of
Y asin 7.3.12, and V; — Y be a covering such that V; are affine schemes.
Then the V;’s form a covering of J. Let U. be the corresponding Cech
hypercovering. Therefore U, is disjoint union of components U, labeled
by sequences o = (aq,z,...), a; > 0, Ya; = a + 1, where U, is fibered
product over ) of a; copies of Vi, ag copies of V;,... For F' € C().,Q) set

Fy, := F; v, where i, is the minimal ¢ such that «a; is non-zero (note that
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Us € YVsm. These Fy, form an Q-complex F' on U. in the obvious manner
which lies in Ciot(U., Q). The functor C().,Q2) — Ciot(U.,Q2) commutes

with the functor Hp so it defines a triangulated functor

(317) r: D(Y.,Q) = Dyt (U., Q)

We leave it to the reader to check that this functor is an equivalence of
categories, and that the corresponding identification of D()’)’s in the sense

of 7.3.12 and 7.5.2 does not depend on the auxiliary data of ). and V..

7.5.5. Proof of 7.5.2. We need to identify canonically the t-categories
Dot (U.) for different U.’s. Let U! be another admissible hypercovering.
First we define a t-exact functor ® = @y : Dy (U.) — Diot(U!) in terms of
some auxiliary data V. Then we show that ® actually does not depend V/,
and it is an equivalence of categories.

Our V is a (A)° x (A)° -algebraic space V.. over ) together with smooth

/

morphisms 7 : Vi — Up, @ 0 Vipn — U/, We assume that m, 7’ are

compatible with (A) projections in the obvious manner, 7/, : V.,, — U},

/
mn

F € Kot +(U., Q) we have Q-complexes Fy,, € Kio 4 (Vop, Q) - the pull-back
of F to V.,,. Set @y, F := 7/ Fy,, (see the proof of 7.5.3 for the notation).

are hypercoverings, and = : Vmn — U, are affine morphisms. For

This is an Q-complex on U). The Q-complexes Py, form an Q-complex
Oy F € Kiot+(U!/,Q) in the obvious way such that HpF = Hp®y F.
Therefore we have a t-exact functor @y : Dyt (U., Q) — Dyt (U!, ) which
induces the identity functor between the cores M(})).

Assume that we have V; and V5 as above. To identify the functors
®y, choose another V' as above, together with embeddings Vi, Vo C V
compatible with all the projections which identify (V1)mn, (V2)mn with a
union of connected components of V,,,. The embeddings induce projections
oy F — @y, PyF — POy, F which are obviously quasi-isomorphisms.

Therefore we have identified the functors ®y; between the derived categories.
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We leave it to the reader to check that this identification does not depend
on the auxiliary data of V.

Thus we have a canonical functor ® = @y : Diot(U., Q) — Dyt (UL, Q).
If U” is the third hypercovering then there is a canonical isomorphism of
functors ®yyr = PyiynPryr; we leave its definition to the reader, as well as
verification of the usual compatibilities. Since @y is the identity functor

we see that ®’s identify simultaneously all the categories Diot(U.). O

7.5.6. Let f: Y — Z be a quasi-compact morphism of smooth stacks.
Let us define the push-forward functor f, : D(Y)" — D(Z)*. To do this
consider any admissible hypercoverings U. of ) and W. of Z . We get
the (A)° x (A)°-algebraic space U. x W. . One may find a (A)° x (A)°-
algebraic space V.. together with mozrphism ¢ = (d1,02) : V.. = U. éW
such that the projections V,,, — U,, are smooth, V,,,, — W,, are affine,
and V., — yéwn are hypercoverings. Now for F € K  (U.,Q) let
Fy, € K;{)t+(Vn,Q) be its pull-back to V.,. Define the 2 -complex f.F},
on W, as the total complex of the Cech bicomplex with terms ¢o.Fyp,.
These -complexes form an object f.F of K. +(W.,Q). The functor
[ Kb (U, Q) — K5 (W.,Q) preserves D-quasi-isomorphisms hence it
yields a functor f, : D(Y)"™ — D(Z)*. We leave it to the reader to check
that the construction of f, does not depend on the auxiliary choices of
U,W,V, and is compatible with composition of f’s.

A smooth morphism of smooth stacks f : Y — Z yields a t-exact functor
ft=f,: D(Z) — D(Y). Namely, choose admissible hypercoverings U. of
Y, W. of Z and a morphism f. : U. — W. compatible with f. The functor
fla @ Kot +(W.,Q) — Kot +(U.,Q) preserves D-quasi-isomorphisms, so it
defines a functor f;, between the derived categories. We leave it to the reader
to check that this definition does not depend on the auxiliary choices, that
our pull-back functor is compatible with composition of f’s, and that in case

when f is quasi-compact the functor f, is left adjoint to f..
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7.5.7.

7.5.8. Remarks. (i) One may also try to define D()) using appropriate non-
quasi-coherent 2-complexes in a way similar to the definition of derived
category of O-modules from [LMB93]6.3. Probably such a definition yields
the same category DT ().

(ii) The "local” construction of derived categories is also convenient in the
setting of O-modules. For example, it helps to define the cotangent complex
of an algebraic stack as a true object of the derived category (and not just
the projective limit of its truncations as in [LMB93]9.2), and also to deal
with Grothendieck-Serre duality.

(iii) Replacing D-modules by perverse sheaves we get a convenient
definition of the derived category of constructible sheaves on any algebraic

stack locally of finite type.
7.6. Equivariant setting.

7.6.1. Let us explain parts 7.1.1 (a), (b) of the (finite dimensional) Hecke
pattern. So let G be an algebraic group and K C G an algebraic subgroup.
Assume for simplicity that K is affine; then the stacks below satisfy condition
(310) of 7.3.1. Set*) H® := C(K\G/K,Q), H :== D(K\G/K). We call these
categories pre Hecke and Hecke category respectively. They carry canonical
monoidal structures defined as follows.

Consider the morphisms of stacks
(318) (K\ G/K) x (K\G/K)LK\G;;G/KﬂK\G/K

Here G[>§G is the quotient of G x G modulo the K-action k(g1,¢92) =
(g1k~1, kga), p is the obvious projection, and 7 is the product map. For Fy,
Iy € HE set Fy (>CBF2 = m.po(F1 W Fy). The convolution tensor product Ci)
satisfies the obvious associativity constraint, so we have a monoidal structure
on H¢. We define the convolution tensor product ® : H x H — H as

*)Here the superscript ”¢” means that we deal with the true DG category of complexes,

not the derived category.
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the right derived functor of (:9 One has F1 ® Fy = m.po(F1 W Fy); if Q-
complexes Fy, Fy are loose (see 7.3.7) then Fy ® F = F} éFQ. Thus the
associativity constraint for ® follows from the one of (i), so ‘H is a monoidal
triangulated category. H¢ and H have a unit object E: one has Fg = ix.Qx
(here ig : K — G is the embedding).

Let Y be a smooth variety with G-action. Consider the stack B := K\ Y.
The Hecke Action on D(B) arises from the diagram

(319) (K\ G/K)x BEK\ (G x V)58,

Namely, for FF € H, T € C(B,Q) set F&T = my.pyo(F B T). As
above @c@ satisfies the obvious associativity constraint, so C'(B,£2) is a unital
H¢-Module. Define ® : HxD(B) — D(B) as the right derived functor of
®. One has F&T = my«pyq(F WT), and if F,T are loose (see 7.3.7) then
F&®T = F®T. Thus D(B) is a H-Module.

7.6.2. Remarks. (i) In the above definitions we were able to consider the
unbounded derived categories since the projections m, my are representable
(see7.3.11(ii)).

(ii) If f: Z — Y is a morphism of smooth varieties with G-action then

f«: D(K\ Z) — D(K \Y) is a Morphism of H-Modules.

7.6.3. Let Y be a smooth variety equipped with an action of an affine
algebraic group K. Consider the stack B := K \ Y. In the rest of 7.6 we
are going to describe D(B) in terms of appropriate equivariant complexes on
Y. We will also introduce certain derived category D(K \\ Y) intermediate
between D(K \ Y) and D(Y') that will be of use in 7.7.

Set Kq = (K,Qk), Ko = (K,Q) (so K, is Ko with its de Rham
differential skipped). These are group objects in the category of DG ringed
spaced and graded ringed spaces respectively. Denote by €, £, £, the Lie
algebras of K, Kq, K, respectively. As a plain complex, £o is equal to

the cone of id so E% =t= 851. Since K is a subgroup of Ko and K, we
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have the corresponding Harish-Chandra pairs (£q, K), (£, K). Note that
Kq modules are the same as DG (€, K)-modules, and K,-modules are the
same as graded (&g, K')-modules.

The K-action on Y yields the action of Ko on Yo = (Y,) hence
the action of K, on Y, = (Y,Q"). For a graded Qj-module Fy, a K-
action on Fy is the same as a (f;, K)-action. Explicitly, this is a K-
action on Fy together with a K-equivariant morphism ¢ ® Fy — F{/_l,
£® f — ie(f) (we assume that K acts on ¢ in the adjoint way) such that
ie(vf) =< & v > f+vig(f), zg =0 for any £ € £ and v € Q..

7.6.4. Let Fy be an Q-complex on Y. A K-action on Fy is a K-action
on the graded Oy-module Fy such that for any k € K the translation
k*Fy = Fy is a morphism of -complexes (i.e., it commutes with the
differential). A Kgq-action on Fy is an action of Kq on Fy considered
as a DG module on Yg. In other words, this is a K(-action on the graded
{y-module Fy- such that K acts on Fy as on an {)-complex and £ acts
on Fy as a DG Lie algebra. The latter condition means that for any & € ¢
one has dig + i¢d = Lie¢ (here Lie is the €-action on Fy that comes from
the K-action). An Q-complex equipped with a K-action is called a weakly
K -equivariant Q-complex, and that with Kq-action is called Kq-equivariant
Q-complex.

It is clear that for any Q2-complex F' on the stack B := K\Y the Q-complex

Fy carries automatically a Kg-action.

7.6.5. Lemma. The functor C'(K \ Y,Q) — (Kq-equivariant Q-complexes

on Y) is an equivalence of DG categories. O

7.6.6. Remark. Assume we are in situation 7.6.1. Let m: K\ G x G/K —
K\ G/K be the product map. Set Fi®F; = m.(Fix\¢ X Fog/); this is
an Q-complex on K\ G/K. The K-action along the fibers of the projection
GxG — G;é G yields a Kq-action on Fy®F, (with respect to the trivial

K-action on K \ G/K). Its invariants coincide with Fj éFg. Similarly,
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consider the map my : (K \ G)xY — B ; set F&T := my.(Fg\g ¥ T).
The obvious K-action on (K \ G) x Y yields a Kq-action on this {2-complex

C
whose invariants coinside with F' ®T'.

7.6.7. We denote the category of weakly K-equivariant (2-complexes
on Y by C(K \\ Y,Q) and the corresponding homotopy and D-derived
categories by K (K \\ Y, Q), D(K \\ Y, Q) (a morphism of weakly equivariant
)-complexes is called a D-quasi-isomorphism if it is a D-quasi-isomorphism

of plain Q-complexes).

7.6.8. Remarks. (i) The forgetful functor C'(B,Q) — C(K \\Y,Q) admits
left and right adjoint functors ¢,c" : C(K \\Y,Q) — C(B,9), (Fy) =
U(ta) ®@ Fy,c (Fy)= Homyy(U(tq), Fy). These functors preserve quasi-
isomorllj)(}?isms, so they define adjoint functors between the derived categories.

(ii) The forgetful functor C'(K \\ Y, Q) — C(Y, ) admits a right adjoint
functor Ind : C(Y,Q) — C(K \\ Y,Q), Ind(Ty)" = p.m*(1Ty) where
m, p : K X Y=3Y are the action and projection maps. These functors
preserve quasi-isomorphisms so they yield the adjoint functors between the
derived categories. The composition ¢" Ind is the push-forward functor for
the projection Y — B.

(iii) Remark 7.6.6 (ii) remains valid for weakly equivariant {2-complexes.

(iv) Let f : Z — Y be a morphism of smooth varieties equipped with
K-actions. The construction of the direct image functor from 7.3.6 passes
to the weakly equivariant setting without changes, so we have the functor
fx=Rf. : D(K \\ Z,Q) — D(K \\ Y, Q). The functors f, commute with the
functors from (i), (ii) above. The same holds for the pull-back functors f,
from 7.2.8, 7.3.6.

(v) Here is a weakly equivariant version of 7.6.1. Assume that ¥ from 7.6.1
carries in addition an action of an affine algebraic group G’ that commutes
with the G-action (we will write it as a right action). Consider the category

C(K\Y,/G Q) = CB,/G Q) of Q-complexes on Y equipped with
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commuting Kq- and G-actions. Then the corresponding derived category
D(B,/ G',9) is an H-Module. The H-action is defined in the same way as

in 7.6.1. Remark 7.6.6 remains valid.

7.6.9. Let us describe the D-module counterpart of the above equivariant
categories (see [BL] for details). For a D-module M on Y a weak K-
action on M is a K-action on M as on an Oy-module such that for any
k € K the translation k*M = M is a morphism of D-mosules. A D-module
equipped with a weak K-action is called a weakly K -equivariant D-module;
the category of those is denoted by M (K \\ Y) (as usual we write M*
or M" to specify left and right D-modules). The notations C'(K \\ Y, D),
K(K\Y,D), D(K \Y,D) = D(K \ Y) are clear (cf. 7.2).

The functors D and €2 from 7.2.2 send weakly equivariant complexes to

weakly equivariant ones, thus we have the adjoint DG functors

(320) D: C(K\Y,Q) — C(K\Y,D),Q: C(K\Y,D)— C(K\Y,Q)
and the mutually inverse equivalences of triangulated categories

(321) D(K\Y,D)=D(K \ Y, Q).

As usual we denote these categories thus identified by D(K \\ Y).

7.6.10. Remark. For a weakly K-equivariant D-module M the t-action on
Y lifts to the O-module M in two ways: either as the infinitesimal action
defined by the K-action on M or via the ¢-action on Y ¢ : € — Oy and
the D-module structure on M. Denote these actions by §,m ~ Liegm,
ogm respectively. Set Eim = Lie¢ m — ogm. Then ¢ € Endp M and
g: ¢t — Endp M is a t-action on M. Note that f§ is trivial if and only if M
is a K-equivariant D-module, i.e., M € M(B).

7.6.11. A K-equivariant D-compler on Y is a complex N of weakly K-
equivariant D-modules together with morphisms QN — N =1, £@n — en,

such that for any £ € € our has zg =0, dig +i¢d = &%, By abuse of notation
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we denote the DG category of such complexes by C(B, D). Note that any K-
equivariant D-module is a K-equivariant D-complex in the obvious way, and
for any K-equivariant D-complex its cohomology sheaves are K-equivariant
D-modules. So we have the cohomology functor H : C(B,D) — M(B).
Localizing the homotopy category of C(B, D) by H-quasi-isomorphisms we
get a triangulated category D(B, D). It is easy to see that it is a t-category
with core M(B).

For any F € C(B,f) the D-complex DF equipped with operators
Z'EDF = Z? ® idp, is K-equivariant. For any N € C(B,D) the Q-complex
QN equipped with the operators i?N which act on N°@ A 7Oy as n® 1 —
ien ® T+ (—1)'n ® o(§) A T is a Kg-equivariant Q-complex. Thus we have
the adjoint functors D,

(322) C(B,Q)=—=C(B,D)
and the mutually inverse equivalences of triangulated categories
(323) D(B,Q)=—D(B,D).

The latter equivalence identifies the above ¢-structure on D(B,D) with
that on D(B, ) defined in 7.3.2. This provides another proof of 7.3.4 in the
particular case when our stack is a quotient of a smooth variety by a group

action.
7.7. Harish-Chandra modules and their derived category.

7.7.1. Let G be an affine algebraic group, K C G an algebraic subgroup,
so we have the Harish-Chandra pair (g, K). Consider the category M(K \
G,/ G)=M((K\G), @) of D-modules on G equipped with commuting K-
and weak G-actions (where K and G act on G by left and right translations
respectively). For M € M(K \ G,/ G) set y(M) = 4" (M) := T'(G, Mg)“;
here we consider Mg as a right D-module on G. This is a (g, K)-module:
g acts on y(M) by vector fields invariant by right G-translations (according
to D-module structure on M), and K acts by left K-translations.
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7.7.2. Lemma. The functor v : M(K \ G,/G) — M(g,K) is an

equivalence of categories.

Proof. Left to the reader (or see [Kas]). O

7.7.3. Remarks. (i) Set v/(M) := I'(G, M%)% where MY, is the left D-module
realization of M. This is a (g, K)-module by the same reason as above; one
has the obvious identification v/ (M) = 4" (M) ® det g.

(ii) There is a canonical isomorphism of vector spaces ~'(M) leGJ =
M %\G’I which assigns to a G-invariant section its value at 1 € G. The
(g, K)-module structure on M ;(\G,l may be described as follows. The K-
action comes from the (weak) action of right K-translations on K \ G (note
that K is the stabilizer of 1 € K \ G), and the g-action comes from f-action
of g that corresponds to the weak G-action (see 7.6.10).

(iii) Let P be a K-module, and P the corresponding G-equivariant vector
bundle on K \ G with fiber P; = P. We have DP = P ® Di\g €

MK\ G),/G), and 4(DP) = U(g) U%(P ® det £*).

7.7.4. The above lemma provides, as was promised in 7.1.1(c), a canonical
H-Action on the derived category D(g, K) of (g, K)-modules. Indeed, by
7.6.8(v) (and 7.6.9) we know that D(K \ G,/ G) is an H-Module. And 7.7.2
identifies D(g, K) with this category.

We give a different description of this Action in 7.8.2 below. Its
equivalence with the present definition is established in 7.8.9, 7.8.10(i).

The rest of the Section (7.7.5-7.7.11) is a digression about D-Q equiva-
lences in the Harish-Chandra setting; as a bonus we get in 7.7.12 a simple
proof of Bernstein-Lunts theorem [BL]1.3. The reader may skip it and go
directly to 7.8.

7.7.5. Here is a version of 7.7.2 for {2-complexes.
Let g be the Chevalley DG-algebra of cochains of g, so 5 = A'g™. It

carries a canonical “adjoint” action of Kq (see 7.6.3 for notations). Namely,
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K acts on (2 in coadjoint way, and § € € = 351 acts as the derivation 7¢ of
Q, which sends v € g* = Q to (v, ).

A Qg K)-complex is a DG (4, Kq)-module, i.e., it is a complex equipped
with €g- and Kg-actions which are compatible with respect to the Kq-
action on {2g. For an Q4 xy-complex T" we denote the action of v € g* = Qé,
Eet= E51 on T" by a,, i¢. Denote the DG category of 4 i)-complexes
by CQ4 i) and its homotopy category by KQ4 r)-

For F € C(K\ G,/ G, Q) set y(F) := I'(G,Fg)“. This is an Qg,5)-
complex. Indeed, €13 acts on it via the usual identification with DG
algebra of differential forms on G that are invariant with respect to right

G-translations, and Kq acts on y(F) since it acts on Fg (see 7.6.4, 7.6.5).

7.7.6. Lemma. The functor v : C(K \ G,/G,Q) — CQg k) 1s an

equivalences of DG categories.

Proof. Left to the reader. O

7.7.7. Weidentified (g, K)- and (4 gy-complexes with weakly G-equivariant
complexes on K \ G. Let us write down the standard functors D and §2
in Harish-Chandra’s setting. It is convenient to introduce a DG Harish-
Chandra pair (tq x g, K) (the structure embedding LieK — g x g is the
diagonal map).

Let DRy be the Chevalley complex of cochains of g with coefficients in
Ug (considered as a left Ug-module), so DR} = A'g* ® Ug. Now DRy is an
(Qg-complex, and an (€ x g, K)-complex; those actions are compatible (here
(Eq x g, K) acts on {4 via the projection (kg x g, K) — (fq, K) , see 7.7.5).
Namely, for v € Qq, € = (e,6,) €t x g=1t) x g, £ €=t k € K, and
a=a®v € DRy one has va = va® v, ea = Ad, (o) ® v+ a ® (gu — ve,),
£a =i¢(a) ®v, ka = Adg(a) ® Adg(v).
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For a complex of (g, K')-modules ((g, K )-complex for short) V, set QV :=
Homg(D Ry, V); this is an Q4 x)-complex in the obvious way. For an Qg g)-
complex T' set DT = Dy T := TQ® DRy = (TS{) DRy)y,,; this a (g, K)-

g

9789
complex. Thus we have the adjoint DG functors

(324) D= D(g,K) : CQ(&K) — C(Q,K), Q: C(gyK) I CQ(Q,K) :

Remark. For T as above let T C T be the kernel of all operators i, L €L
This is a K- and A’(g/€)*-submodule of 7" (here A'(g/€)* C A'g" = Q),
and the obvious morphisms

(325) Q © T —T, T®Ug— DI
A(g/)" Ut

are isomorphisms.

7.7.8. Let us return to the geometric situation. One has the obvious
identification T'(G, DRz)¥ = DRy (see 7.2.2 for notation; G acts on itself
by right translations). For M € C((K \ G),/ G,D) there is a canonical
isomorphism v(QM) = Q(yM) of Q4 k)-complexes defined as composition
I'(G,Homp,(DRg, M¢))¢ = Homp, (DR, Mg)® = Homyg(DRy,vM).
For F ¢ C(K \ G,/ G,Q) there is a similar canonical isomorphism
YDF = D~vF whose definition is left to the reader.

7.7.9. For an Qg gy-complex T' set HT = H'DT € M(g,K). Then
Hy: KQgg) — M(g, K) is a cohomological functor. Define a g-quasi-
isomorphism as a morphism in K€y ) that induces isomorphism between
H.’s. The g-quasi-isomorphisms form a localizing family; define D4 ) as
the corresponding localization of K4 ). The functors D, © yield mutually

inverse equivalences of derived categories
(326) DQg xy==D(g, K)

where D(g,K) := DM(g,K). The equivalences v yield equivalences of

derived categories

(327)  D(K\G,/G,0)=DYyry, DI(K\G),/GD)=D(gK).
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7.7.10. Remarks. (i) Any g-quasi-isomorphism is a quasi-isomorphism; the
converse might be not true.

(ii) Any (g i)-complex T' may be considered as an {0y = )4 1)-complex
(forget the Kq-action), so we have the corresponding complex of g-modules
DyT' := T ®q, DRy. The obvious projection DgT" — D4 )T is a quasi-
isomorphism. This implies that a morphism of {24 x)-complexes is a g-quasi-

isomorphism if and only if it is a g-quasi-isomorphism of €2g-complexes.

7.7.11. The format of 7.7.7, 7.7.9 admits the folowing version. Recall that
DRy is a (g x g, K)-complex. Thus the above DyT is a (¢q x g, K)-complex,
and for a (fq x g, K)-complex V' the complex QV := Homyg(DRg, V) is a

Q(g,K)-complex. The functors
(328) Dy : CQqr)y—Clta x g, K), Q: Ctq x g, K)—CQqy k)

are adjoint, as well as the corresponding functors between the homotopy
categories. Passing to derived categories they become (use 7.7.10(ii))

mutually inverse equivalences
(329) DQg x)y==D(tq x g, K).

The projection (kg x g, K) — (g, K) yields a fully faithful embedding
C(g, K)—C(tq x g, K) hence the exact functor

(330) D(g, K)—D(tq x g, K).
The following theorem is due to Bernstein and Lunts [BL] 1.3%):

7.7.12. Theorem. The functor (330) is equivalence of categories.

Proof. The functor € from (328) restricted to C(g, K) coincides with Q
from (324). Now 7.7.12 follows from (326) and (329). The inverse functor
D(tq x g, K) — D(g, K) sends V' to Dy )2V O
7.8. The Hecke Action and localization functor.

“'The authors of [BL] consider only bounded derived categories.
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7.8.1. We are going to describe a canonical Hecke Action on the derived
category of Harish-Chandra modules. We consider a twisted situation, i.e.,
representations of a central extension of g. Here is the list of characters.

Let G’ be a central extension of G by G,, equipped with a splitting
K — G'. Therefore the preimage K’ C G’ of K is identified with K X Gy,.
Set g’ := LieG’, ¥ := Lie K’ = £ x C. We have a Harish-Chandra pair
(¢/, K') and the companion DG pair (¢q x g/, K’) (here the first component
of the structure embedding ¢ — £ x g’ is the projection ¢ — ¢).

Let M(g,K)" be the category of (g’, K’)-modules on which G,, C K’
acts by the standard character; we call its objects (g, K)’-modules or,
simply, Harish-Chandra modules. This is an abelian category. Similarly,
let C(tq x g, K)' be the category of those (¢q x g', K')-complexes on which
Gy, acts by the standard character; its objects are called (Eq x g, K)'-
complexes or, simply, Harish-Chandra complexes. This is a DG category
which carries an obvious cohomology functor with values in M(g, K)'.
Denote the corresponding derived category by D(g, K)'; this is a t-category
with core M(g, K)'.

Remark. By a twisted version of the Bernstein-Lunts theorem D(g, K)'
is equivalent to the derived category of M(g, K)' *). We will not use this
fact in the sequel since the Hecke Action is naturally defined in terms of

(tq x g, K)'-complexes.

7.8.2. Now let us define a canonical H-Action on D(g, K)'. First we define
an Action of the pre Hecke monoidal DG category H¢ := C(K \ G/K,2) on
C(tq x g, K)'; the Hecke Action comes after passing to derived categories.
Denote by L the line bundle over G that corresponds to the G,,-torsor
G’ — G. The left and right translation actions of G on itself lift canonically
to G’-actions on L. So a section of Ly is the same as a function ¢ on G’
such that for ¢ € G,,, ¢’ € G’ one has ¢(cg’) = ¢ '¢(g'). Therefore the

“)The twisted Bernstein-Lunts follows from the straight one (see 7.7.12) applied to the
Harish-Chandra pair (g’, K').
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right translation action of G,, C G’ on sections of Lg is multiplication by
the character inverse to the standard one.

Take a Harish-Chandra complex V € C(tq x g, K)'. Set Vg := Lo ® V.
Then Vg is a complex of left D-modules on . Indeed, the tensor product
of the infinitesimal right translation action of g’ on L and the g’-action on
V is a g-action on Vg. The left D-module structure on Vg is such that the
left invariant vector fields act on Vg via the above g-action. The D-complex
Vo is weakly equivariant with respect to left G’-translations: they act as
tensor product of the corresponding action on L and the trivial action on
V. Therefore, by 7.6.10, it carries a canonical g’-action f.

Remark. For 0 € ¢’ consider a function 6% : G — g/, 6%(g) := Ad,(f).
Then for v € V, 1 € L one has 6°(1 ® v) =1 ® 0%(v).

Take F' € H. Then Fg ® V¢ is an Q-complex on G (see 7.2.3(ii)). It is
Kg-equivariant with respect to the right K-translations. Namely, K acts
as tensor product of the corresponding actions on F', L, and the structure
action on V; the operators i¢ act as the sum of the corresponding operators
for the right translation action on F' and the structure ones for V. Denote
by (F ® V)q/k the corresponding Q2-complex on G/K. The action of g’ on
Fo ® Vg that comes from the action j on Vg commutes with this Kq-action,
so it defines g’-action on (F'® V)q k. We also denote it as f.

Remark. If V is a complex of (g, K)-modules then Vg is a complex of
left Dg-modules strongly equivariant with respect to right K-translations.
Let Vg i be the corresponding complex of left D-modules on G/K. One
has (F ®@V)g/x = Fa/xk ©® Va/k-

Set F&V :=T'(G, Fg ® Vg) and

(331) F&V =T(G/K,(F@V)g k) = (F&V)Xe,

These are (o x g, K)'-complexes. Indeed, g’ acts according to f§ action, K

acts by tensor product of the left translation actions for F' and V, and the
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operators i¢ are the corresponding operators for F'. We leave it to the reader
to check the Harish-Chandra compatibilities.

Now ® defines an H°-Module structure on C(tq x g, K)'. Indeed, the
associativity constraint (F} ® F) @V = F é(FQ ® V) follows from the

obvious identification
(G, (FL@F) ® L) = [[(G, F @ Lg) ©T(G, F; @ La)] %8

where K, acts by tensor product of the right and left translation actions
(see 7.6.5). We define the Hecke Action ® : H x D(g,K)" — D(g,K)" as
the right derived functor of (>CB If F is loose then F®V = F éV so the
associativity constraint for ® follows from that of (>CB

Remark. As folows from the previous Remark, for M € M(K \ G/K) C
H, V € M(g,K) one has

(332) HM®V =Hpp(G/K,M ®Vg/K)-

7.8.3. Remark. Assume that our twist is trivial, so G’ = G x G,,. One has
obvious equivalences M(g, K)' = M(g,K) and D(g,K) = D(g,K)’ (see
7.7.11). So we defined a Hecke Action on D(g, K). We will see in 7.8.9 that
this Action indeed coincides with the one from 7.7.4.

Let us return to the general situation. Let U’ be the twisted enveloping
algebra of g; denote by 3 its subalgebra of Ad G-invariant elements. The
commutative algebra 3 acts on any Harish-Chandra complex in the obvious

manner, so C(tn x g, K)', hence D(g, K), is a 3-category.
7.8.4. Lemma. The Hecke Actions on C(tq x g, K)', D(g, K)" are 3-linear.
Proof. Use the first Remark in 7.8.2. O

7.8.5. Ezample. (to be used in 5). Let Vad := U’'/U’-t be the twisted
vacuum module. Let us compute F'® Vac explicitely. We use notation
of 7.8.2. So, according to the second Remark in 7.8.2, we have the
left D-module Vg x on G/K, weakly equivariant with respect to left G-
translations, such that Vg = L5 ® Vac. The embedding C C Vac yields an
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embedding Lg/x C Vg - 1t is easy to see that the corresponding morphism
of left D -modules Dg, i OSK La/k — Vg/k is an isomorphism of weakly
G-equivariant D-modules.

Remark. The g'-action on Dy /K ® Lg/k that corresponds to § is given by
formula o (Y ®1) = Y@/ (I)—1)-a®l where o/ € g¢', « is the corresponding left
translation vector field on G/K, and /(1) is the infinitesimal left translation
ofl € L)k

So for F' € H® one has (F ® V)g/x = Fg/x ® Dg/x @ Lok =
D(Fg/k) ® Lg k- Therefore

Oc/x

(333) F®Vad =T(G/K,D(Fgx) @ L)

Here the (o x g, K)'-action on I'(G/K,D(Fg/k) ® Lg/k) is defined as
follows. The g'-action comes from the g'-action on D(Fg/k) ® La/k
described in the Remark above, the K-action is the action by left
translations, and the operators i¢ come from the corresponding operators
on Fg/k-.

Passing to the derived functors (which amounts to considering loose F' in

the above formula) we get

(334) F®Vad = RT(G/K,D(Fg/k) ® La/k)-
In particular, for M € M(K \ G/K) one has

(335) M ®Vad = RT(G/K, Mgk © L)k ).

Here the g’-action on the r.h.s. comes from the g’-action on Mgk ® Layi

given by formula o/(m®1) =m ® o'(l) —ma 1.

7.8.6. Let us explain part (d) of the ”Hecke pattern” from 7.1.1. Let us first
define the localization functor A. We use the notation of 7.8.1. Let Y be a
smooth variety on which G acts, £ = Ly a line bundle on Y. Assume that

L carries a G'-action which lifts the G-action on Y in a way that G,, C G’
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acts by the character opposite to the standard one. The line bundle wy ® £
carries the similar action.

We define a DG functor
(336) AQ:AQLZC(EQXg,K)IHC(K\Y,Q)

as follows. Note that (g’, K'), hence (b x g’, K'), acts on wy ® L (since G’
does). For a Harish-Chandra complex V' consider the complex of O-modules
wy ® LR V. The tensor product of (¢q x ¢/, K')-actions on wy ® £ and V
yields a (8o x g, K)-action on wy ® L ® V. Set

Aq(V) := Homyg(DRg,wy ® L ® V)[—dim K]

(see 7.7.7 for notation). In other words Aq(V) is the shifted Chevalley
chain complex of g with coefficients in wy ® £L ® V. This is an 2-complex
on Y. Since DRy and wy ® L ® V are (tq x g, K)-complexes our Aq(V) is
Kq-equivariant, i.e., Aq(V) € C(K \Y, Q).

Note that Aq(V) carries a canonical increasing finite filtration with
successive quotients equal to A'g@wy ® L&V [i—dim K]. Therefore Aq sends
quasi-isomorphisms to D-quasi-isomorphisms. So it yields a triangulated

functor
(337) LA=LA;:D(g,K) — D(K\Y)

The above remark also shows that LA is a right t-exact functor. The
corresponding right exact functor between the cores Ay : M(g, K) —
MK\ Y) sends a (g, K)-module V to a K-equivariant left Dy-module
(Dy ® L) U%@/) V. More generally, HRLA;(V) = H_;(g, Dy @ LR V).

g

7.8.7. Remarks. (i) The above construcion used only the action of (g’, K')
on (Y, L) (we do not need the whole G’-action).

(ii) One may show that LA, is a left derived functor of A, (see Remark
in 7.8.1).

(iii) Assume that (g’, K’) is the trivial extension of (g, K), so (g, K)'-

modules are the same as (g, K)-modules, and £ is Oy with the obvious



HITCHIN’S INTEGRABLE SYSTEM 275

action of (g/, K’). Then Ag(V) = Dy ® V, ie., Az coincides with the
U(g)
functor A from 1.2.4.

7.8.8. Proposition. The functor LA, : D(g, K)' — D(K\Y) is a Morphism
of H-Modules.

Proof. Tt suffices to show that the functor A, : C(tgx g, K)' — C(K\Y, Q)
is a Morphism of H¢-Modules.

Take F, V as in 7.8.2. We have to define a canonical identifica-
tion of Q-complexes « : AQ(FéV) 2FéAQ(V) compatible with the as-
sociativity constraints. We will establish a canonical isomorphism « :
Aq(F®V) = F®Aq(V) compatible with the Kq-actions (see 7.6.6, 7.8.2 for
notation). One gets a by passing to Kq-invariants.

Let m,p: G xY — Y be the action and projection maps, i : G X Y —
G x Y the symmetry i(g,z) = (g,gx); one has pi = m. The G’-action on
Ly provides an i-isomorphism of line bundles IE OcR Ly =R Lo X Ly.

Below for a g-complex P we denote by C(P) the Chevalley complex of Lie
algebra chains with coefficients in P shifted by dim K. So C(P) = C" ® P’
where C¢ := AUmE—agq " Consider the Q-complexes Fg M Aq(V) = Fg K
Clwy @ Ly @ V) and C((Fe® Vo) R (wy @ Ly)) =C((Fe® (Lo V)) K
(wy ® Ly)); here the g-action on (Fg®Vg)K(wy ® Ly ) is the tensor product
of the g’-action § and the standard g’-action on wy ® Ly (see 7.8.2).

There is a canonical i-isomorphism of 2-complexes
o Fao X AQ(V) =~ C((FG ® Vg) X (u)y & ,Cy))

defined as follows. For f € Fg, A € C', | € wy ® Ly, v € V one has
F(fRARIQV) =a(\)® fRi(l) @v; here a(X) € Ogyxy ® C" is a function
a(N)(g,y) = Adg(X). We leave it to the reader to check that o commutes
with the differentials (use Remark in 7.8.2).

Now one has the obvious identifications m.(Fg & Aq(V)) = F®Aq(V)

and p.C((Fg ® Vo) (wy @ Ly)) = Aq(F®V). Thus &’ defines the desired
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canonical isomorphism . We leave it to the reader to check its compatibility

with the Kq-actions and associativity constraints. ]

7.8.9. Consider the case when Y = G with the left translation G-action,
and £ = Ly is the line bundle dual to L (see 7.8.2) equipped with the
obvious G’-action by left translations. The right G’-translations act on our
data. Therefore the Q-complexes Aq(V) are weakly G’-equivariant with
respect to the right translation action of G’.

Let C(K\ G,/ G,Q) c C(K\G, G, Q) be the subcategory of those
weakly G’-equivariant Q-complexes T' that G,, C G’ acts on T by the
standard character. Let D(K \ G,/ G)’ be the corresponding D-derived
category. The complexes Aqg(V) lie in this subcategory, so we have a
triangulated functor LA : D(g,K) — D(K \ G,/ G). This categories
are H-Modules (for the latter one see 7.6.8(v), 7.6.9). By 7.8.8, LA is a
Morphism of H-modules. A variant of 7.7.6 and 7.7.11 shows that LA is an

equivalence of t-categories.

7.8.10. Remarks. i) If G’ is the trivial extension of G then D(g,K) =
D(g, K) and LA coincides with the equivalence defined by the functor v+
from 7.7.2. This shows that the Hecke Actions from 7.7.4 and in 7.8.3 do
coincide.

(ii) Assume that our extension is arbitrary. Then the pull-back functor
r: D(K\ G/K) — D(K'\ G'/K') is a Morphism of monoidal categories,
and the fully faithful embedding D(g, K) — D(g’, K') is r~-Morphism of
Hecke Modules. So the twisted picture is essentially equivalent to untwisted

one for (g’, K'). However in applications it is convenient to keep the twist

(alias level, alias central charge) separately.

7.8.11. Let us explain the I' part of the "Hecke pattern” (d) from 7.1.1.
This subject is not needed for the main part of this paper, so the reader may
skip the rest of the section. We treat a twisted version, so we are in situation

7.8.6. For T € C(K \'Y,Q) the D-complex DTy on Y is K-equivariant (see



HITCHIN’S INTEGRABLE SYSTEM 277

7.6.11). Let us consider DTy as an O-complex equipped with a (¢q x g, K)-
action. Set I'z(T') :=TI'(Y, D1y ® (wy ® Ly)*). This is a Harish-Chandra
complex (recall that (¢/, K) acts on wy ® Ly), so we have a DG functor
Ir: C(K\Y,Q) — Ckqg x g,K)". Let

RI;: DIK\Y)— D(g,K)

be its right derived functor. If 7" is loose then I'z(T") = RI'£(T), so RI'. is
correctly defined.

Note that RI'; is a left t-exact functor; let 'y : M(K\Y) — M(g, K)’
be the corresponding left exact functor. One has I'z(M) =T'(Y, M ® (wy ®
Ly)*). If we are in situation 7.8.7(iii) then this functor coincides, after the
standard identification of right and left D-modules, with the functor I' from
1.2.4.

7.8.12. Lemma. The functor RI'y is a Morphism of H-Modules.

Proof. 1t suffices to show that Iy is a Morphism of H-Modules, i.e., to define
for F' € H¢, T as above a canonical isomorphism 3 : I'z(F (%T) ~F® I's(T)
compatible with the associativity constraints. Let us write down a canonical
isomorphism 3 : I (F®T)= F®T'(T) compatible with the Kq-actions; one
gets (B by passing to Kq-invariants.

The G'-action on L yields an isomorphism m} ((wy @ Ly)*) = Lo K
(wy ® Ly)*, and the G-action on Dy (as on a left Oy-module yields an
isomorphism m3}, (Dy) = Og K Dy. These isomorphisms identify I'z(F&T)’
with I'(G x Y, (F" @ Lg) X (DTy @ (wy ® Ly)*)). This vector space coincides
with T(G, F" ® L&) @ T'(Y, DTy ® (wy ® Ly)*) which is (F&['(T))". Our
B is composition of these identifications. We leave it to the reader to check
that this is an isomorphism of Harish-Chandra complexes compatible with

the Kq-actions. O

7.9. Extra symmetries and parameters.
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7.9.1. In the main body of this paper (namely, in 5.4) we use an equivariant
version of the Hecke pattern from 7.1.1. Namely, we are given an extra
Harish-Chandra pair (I, P) that acts on (G, K), and we are looking for an
(I, P)-equivariant version of 7.1.1(a)-(d). Let us explain very briefly the
setting; for all the details see the rest of this section. The Hecke category H
is a derived version of the category of weakly ([, P)-equivariant D-modules
on K\G/K. This is a monoidal triangulated category (which is the analog of
7.1.1(a) in the present setting). H acts on the appropriate derived category
Dpe of (I x g, P x K)-modules; this is the Harish-Chandra counterpart
similar to 7.1.1(c). The geometric counterpart looks as follows. Let X be
a ”parameter” space equipped with an (I, P)-structure X" (see 2.6.4). We
consider a family Y/ of smooth varieties with G-action parametrized by X”.
We assume that the ([, P)-action on X" is lifted to Y in a way compatible
with the G-action. Then H acts on the D-module derived category D(B) of
the X-stack B = (P x K)\ Y” (which is the version of 7.1.1(b)). We have
an appropriate localization functor LA : Dyc — D(B) which commutes
with the Hecke Actions (this is 7.1.1(d)). For an algebra A with an (I, P)-
action one has an A-linear version of the above constructions: one looks at
Harish-Chandra modules with A-action and D-modules with A x-action (see
2.6.6 for the definition of Ax). The corresponding triangulated categories
are denoted by Ha, Dyc a, and D(B, Ax).

The constructions are essentially straightforward modifications of con-
structions from the previous sections; we write them down for the sake of
direct reference in 5.4.

Remark. The equivariant Hecke pattern does not reduce to the plain
one with G replaced by the group ind-scheme that corresponds to the
Harish-Chandra pair ([ x g, P x G). Indeed, our H is much larger then
the corresponding ”plain” Hecke category: the latter is formed by strongly

P-equivariant D-modules on K\ G/K. In particular, H contains as a tensor
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subcategory the tensor category of (I, P)-modules. The above structure of

fibration Y/X is needed to make the whole H act on D(B).

7.9.2. So we consider a Harish-Chandra pair (I, P) that acts on (G, K).
Here P could be any affine group scheme (it need not be of finite type), but
we assume that Lie P has finite codimension in [. Consider the DG category
H¢ of Q-complexes F on K \ G/K equipped with an ([, P)-action on F' that
lifts the (I, P)-action on G/K. Such F is the same as an ([, P) x (Kq x Kq)-
equivariant Q-complex on G. We call H® the ([, P)-equivariant pre Hecke
category. The morphisms in the homotopy category of H¢ which are D-
quasi-isomorphisms of plain -complexes form a localizing family. The
(I, P)-equivariant Hecke category H is the corresponding localization. So
H is a t-category with core equal to the category of D-modules on G/K
equipped with a weak (I x ¢, P x K)-action (here K acts on G/K by left
translations) such that the action of K is actually a strong one.

Now H¢ is a DG monoidal category, and H is a monoidal triangulated
category. Indeed, all the definitions from 7.6.1 work in the present situation.

Remark. Take a Harish-Chandra module V' € M(I, P). Assign to it the
corresponding skyscraper sheaf at the distinguished point of G/ K considered
as an ()-complex sitting in degree zero and equipped with the trivial Kq-
action. This is an object of H¢. The functors M([, P) — H, 'H are fully
faithful monoidal functors. Note that M(l, P) belongs in a canonical way
to the center of the (pre)Hecke monoidal category, i.e., for any V as above,
F € 'H there is a canonical isomorphism V ® FF=< F®V compatible with
tensor products of F’s and V’s. Indeed, both objects coincide with V ® F'.

7.9.3. To define the Hecke Action on D-modules we need to fix some
preliminaries.

Let X be a smooth variety, Y be a Dx-scheme. A Dx{,x-complex onY is
a DG €y, x-module equipped with a Dy-structure (:= flat connection along

the leaves of the structure connection on Y/X). Precisely, the Dx-structure
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on Y defines on Qy,x(Dx) := Dx (% {ly/x the structure of an associative
DG algebra. Now a Dx(2/x-complex on Y is a left DG Qy x(Dx)-module
which is quasi-coherent as an Oy-module.

The DG category C(Y,Dx,x) of Dx, x-complexes on Y is a tensor
category (the tensor product is taken over (2y,x). The pull-back functor
C(MY (X)) — C(Y,DxQ/x), M — Qy/X(%Qy/X, is a tensor functor. In
particular C'(Y,DxQ/x) is an M*(X)-Module (one has M ® F = Mgg;( F).

Note that for a Dx {2, x-complex F' on Y we have an absolute {2-complex
QxF defined as de Rham complex along X with coefficient in F*). So
if Y is a smooth variety then we have a notion of D-quasi-isomorphism
of Dx{)/x-complexes. The corresponding localization of the homotopy
category of C(Y,DxQ/x) is denoted D(Y,Dx/x). The functor Qx :
D(Y,DxQ/x) — D(Y,Q) is an equivalence of triangulated categories.

7.9.4. Now let X be a smooth variety equipped with a (I, P)-structure X"
(see 2.6.4). Let Y” be a scheme equipped with an action of (I, P) x G
and a smooth morphism p" : Y — X" compatible with the actions (so
G acts along the fibers and p" commutes with the actions of ([, P)). Set
Y := P\ Y”. This is a smooth variety equipped with a smooth projection
p: Y — X. The (I, P)-action on Y" defines a structure of Dx-scheme
on Y. The G-action on Y yields a horisontal G x-action on Y (the group
Dx-scheme Gx was defined in 2.6.6).

Consider the stack B:= Kx\Y = (Px K)\Y" fibered over X so we have
the corresponding category of left D-modules M‘(B) and the t-category
D(B) of Q-complexes on B. This t-category has a different realization in
terms of Dx (2, x-complexes that we are going to describe.

Consider the DG group Dx-schemes Gox = (Gx,Qq,/x), Kax. One
defines a Kqx-action on a DXQ/X—complex on Y asin 7.6.4. Now we have

the DG category C(Kx \Y,Dx{2/x) of Kox-equivariant Dx{), x-complexes

*)As in 7.2 the functor Qx admits left adjoint functor Dx.
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on Y. Localizing its homotopy category by D-quasi-isomorphisms we get
the triangulated category D(Kx \ Y,Dx(/x). The de Rham functor Qx
identifies it with D(B).

Now we can define the Hecke Action on D(B). First let us construct the
Action ® of H® on C(Kx \Y,DxQ/x). Indeed, for F' € H we have a
Dx / x-complex Fx on Gx which is Kqx-equivariant with respect to the
left and right translations. So for ' € C(Kx\Y,DxQ,x) we have a Dx Q) x-
complex F'XIT on the Dx-scheme Gx X Y (the fiber product of Gx and Y
over X). It is Kqx-equivariant with respect to all the K x-actions on Gx xY.
So FIXT descents to Gx x Y. We define F&T e C(Kx \Y,DxQ/x) as
the push-forward of the alfcfve complex by the action map Gx X Y — Y.
The Hecke Action ® : 'H x D(B) — D(B) is the right derivecf )f(unctor of
(:3; as usually you may compute it using loose Dx (2, x-complexes.

Remark. For W € M(I[,P) C H® and T as above one has WeT =
W®T =Wx ®T (the Dx-module Wx was defined in 2.6.6).

7.9.5. Let us define the Harish-Chandra categories. Let G’ be as in 7.8.1
and assume that we are given a lifting of the ([, P)-action on G to that on G’
which preserves K C G’ and fixes G,,, C G’. So we have the Harish-Chandra
pair (I, P) x (¢/, K’). Let Cgc be the category of ([, P) x (kg x g, K)'-
complexes, i.e., (g x g, K)'-complexes equipped with a compatible ([, P)-
action (see 7.8.1 for notation). Let Dyc be the corresponding derived
category. This is a t-category with core Mpyc = M(I x g, P x K)'. Below
we call the objects of Cye and Dy simply Harish-Chandra compleres and
those of M yc Harish-Chandra modules.

The pre Hecke category H¢ acts on Cgc. Indeed, the constructions of
7.8.2 make perfect sense in our situation (([, P) acts on F &V by transport
of structure). The H-Action ® on Dy is the right derived functor of Ci)

The results of 7.8.4-7.8.5 render to the present setting without changes.
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Remark. For W € M(I,P) C H® and a Harich-Chandra complex V
one has a canonical isomorphism of Harish-Chandra complexes W(:BV =

WeV=WeaV.

7.9.6. Let us pass to the localization functor. The construction of 7.8.6
renders to our setting as follows. We start with Y as in 7.9.4. Assume
that it carries a line bundle Ly and the ([, P) x G-action on Y is lifted
to an action of (I, P) x G’ on Ly~ such that G,, C G’ acts by the character
opposite to the standard one. Let Ly be the descent of Ly to Y defined
by the action of P. This line bundle carries a canonical Dx-structure that
comes from the [-action on Ly . It also carries a horisontal action of G'.

We have a DG functor
(338) Ag =Aqr: Cge — C(Kx \Y, DXQ/X),

Aq(V) = Homgy (D Ry ,wy/x X Ly x V)[—dim K] (cf. (336)). As in 7.8.6
this functor sends quasi-isomorphisms to D-quasi-isomorphisms, so it yields

a triangulated functor
(339) LA =LA;: Dygc — D(B)

which is right t-exact. The corresponding right exact functor between the
cores Ay : Myc — MZ(B) sends V to the K x-equivariant left Dy-module
(Dy)x ® Ly) @ Vx.

/

U(Gx)
The functors Aq, LA commute with the Hecke Action. Indeed, the

proof of 7.8.8 renders to our setting word-by-word. In particular for any

W € M(I,P),V € Dyc one has LA(W @ V) = Wy ® LA(V).

7.9.7. A-linear version. Assume that in addition we are given a commuta-
tive algebra A equipped with an (I, P)-action. One attaches it to the above
pattern as follows.

(i) Denote by H¢ the DG category of objects F' € H® equipped with an
action of A such that the actions of A and ([, P) are compatible and F is
A-flat. Let H 4 be the corresponding D-derived category. One defines the



HITCHIN’S INTEGRABLE SYSTEM 283

convolution product as in 7.9.2 (the tensor product is taken over A) so H%
and H 4 are monoidal categories. Let M(I, P)Ql be the tensor category of
flat A-modules equipped with an action of (I, P). As in the Remark in 7.9.2
one has canonical fully faithful monoidal functors M(I, P)f;l — HG, Ha
which send M(I, P)Ql to the center of Hecke categories.

(ii) Assume we are in situation 7.9.4. Consider the category M*(B, Ax)
of left D-modules on B equipped with Ax-action (the Dx-algebra Ax was
defined in 2.6.6). Let C(B, Ax ® Q) be the DG category of 2-complexes
on B equipped with an Ax-action and D(B, Ax) be the localization of the
corresponding homotopy category with respect to D-quasi-isomorphisms.
This is a t-category with core M%(B,Ax). As in 7.9.4 one may also
define this t-category in terms of Dx (2, x-complexes. Namely, let C'(Kx \
Y, AxDx ), x) be the DG category of objects of C(Kx\Y, DxQ,x) equipped
with an Ax-action (commuting with the Kqx-action). Localizing it by D-
quasi-isomorphisms we get the triangulated category D(Kx\Y, AxDxQ/x).
The de Rham functor Qx identifies it with D(B, Ax).

The Hecke Action in the A-linear setting is defined exactly as in 7.9.4.
The statement of the Remark in 7.9.4 remains true (you take the tensor
product over Ax).

(iii) Assume we are in situation 7.9.5. One defines C'yc 4 as the category
of Harish-Chandra complexes equipped with a compatible A-action (so the
actions of A and (tqg x g, K)' commute). Let Dyc a4 be the corresponding
derived category. This is a t-category with core Mo 4 equal to the category
of (I x g, P x K)-modules equipped with a compatible A-action. All the
constructions and results about the Hecke Action remain valid without
changes. In the Remark in 7.9.5 you take W € M((, P)Ql; the tensor product
W ® V is taken over A. The A-linear setting for the localization functors
requires no changes.

Remark. There are obvious functors (tensoring by A) which send the

plain categories as above to those with A attached. These functors are
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compatible with all the structures we considered. The forgetting of the
A-action functors D(B,Ax) — D(B), Dyca — Dpgc are Morphisms of

‘H-Modules. They commute with the localization functors.

7.9.8. Variant. Assume that in addition to A we are given a morphism
of commutative algebras e : 3 — A compatible with the ([, P)-actions.
Here 3 := U(g) 24C (so if G is connected then 3 is the center of U(g)’).
Then 3 acts on any object of Myca or Cyc 4 in two ways. Denote by
MS%eo 4, Che 4 the categories of those objects on which the two actions of
3 coincide; let D~ be the corresponding derived category. The Action of
HS on Chc 4 is 3-linear (see 7.8.4) so it preserves Cf - 4. Thus we have
an Action of H4 on D%~ 4. The obvious functor D%, — Dpca is a
Morphism of H4-Modules.

Remark. 1f e is surjective then M 4 is the full subcategory of Mpyc

that consists of Harish-Chandra modules killed by Kere. Same for C% - 4.

7.10. D-crystals. Below we sketch a crystalline approach to D-module
theory. As opposed to the conventional formalism it makes no distinction
between smooth and non-smooth schemes.

In this section ”scheme” means ”C-scheme locally of finite type”. Same
for algebraic spaces and stacks. The formal schemes or algebraic spaces are

assumed to be locally of ind-finite type®).

7.10.1. Let f : Y — X be a quasi-finite morphism of schemes. Then
Grothendieck’s functor Rf' : DY(X,0) — DP(Y,0) is left t-exact. Set
f':=HORf' : M(X,0) — M(Y,O); this is a left exact functor. Therefore
the categories M(X,0) together with functors f' form a fibered category
over the category of schemes and quasi-finite morphisms.

Here is an explicit description of f'. According to Zariski’s Main Theorem
any quasi-finite morphism is composition of a finite morphism and an open

embedding; let us describe f' in these two cases. If f is an open embedding

*):= any closed subscheme is of finite type.
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(or, more generally, if f is étale) then f' = f*. If f is finite then f'is the
functor right adjoint to the functor f. : M(Y,0) — M(X, O). Explicitely,
f+Oy is a finite Ox-algebra, and the functor f, identifies M(Y,O) with
the category of f,Oy-modules which are quasi-coherent as Ox-modules.
Now for an @-module M on X the corresponding f,Oy-module f,f'M is
Homo (f«Oy, M). In particular, if f is a closed embedding then f 'Mc M
is the submodule of sections supported (scheme-theoretically) on Y.

The above picture extends to the setting of formal schemes (or algebraic
spaces) as follows. For a formal scheme X we denote by M(X,0) the
category of discrete quasi-coherent (’)X—modules*). For example, if X is
the formal completion of a scheme V along its closed subscheme X then
/\/l(X ,O) coinsides with the category of O-modules on V' supported set-
theoretically on X. If X is affine then for any M € M(X, ) one has
M = UMy where X’ runs the (directed) set of closed subschemes of
X and My € M(X’,0) is the submodule of sections supported scheme-
theoretically on X’. The pull-back functors f' extend in a unique manner®
to the setting of quasi-finite morphisms of formal algebraic spaces. Indeed,
if f:V — X is such a morphism then to define f!': M(X,0) — M(Y,0)
we may assume that X, Y are affine; now f'M = U f]ly,MX/ where Y’ is a
closed subscheme of ¥ and f (Y'") € X’. We leave it to the reader to describe
f! explicitely if f is ind-finite®).

7.10.2. For a scheme or an algebraic space X denote by X, the category
of diagrams X <]—Si>§ where j is a quasi-finite morphism and ¢ a closed
embedding of affine schemes such that the corresponding ideal Z C Oy is
nilpotent. We usually write this object of X, as (.S, S’) or simply S. A
morphism (S,5) — (5,5") in X, is a morphism of schemes ¢ : S — S’
such that ¢(S) C S" and ¢|s : S — S’ is a morphism of X-schemes.

“)This category is abelian. For a more general setting see 7.11.4.

“)'We assume that they are compatible with composition of f’s.

*):= Yyed — Xreq is finite.
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Note that for any ¢ as above the morphism ¢ : S — S is quasi-finite.
Therefore the categories M(S’ ,O) together with the pull-back functors ¢'
form a fibered category M'(Xe,, O) over Xe,.

Sometimes it is convenient to consider a larger category X which consists
of similar diagrams as above but we permit S to be a formal scheme (so T

is a pronilpotent ideal, i.e., Sieq = Sreq). As above we have the fibered

category M'(Xg4., 0) over Xg..

7.10.3. Definition. A D-crystal on X is a Cartesian section of M'(X,, O).
D-crystals on X form a C-category Mp(X).

Explicitely, a D-crystal M is a rule that assigns to any (S,5) € X, an
O-module Mg = Mg &) on S and to a morphism ¢ : (S,5) — (5’,5') an
identification vy : Mg~ &M & compatible with composition of ¢’s.

In particular, if ¢ is a closed embedding defined by an ideal Z C Og, then
M g is the submodule of M & that consists of sections killed by Z.

In definition 7.10.3 one may replace X, by Xs-: we get the same category
of D-crystals. Indeed, for (S,5) € X one has Mg = UM(S,S/) where S

runs the set of all subschemes S ¢ S’ C S.

7.10.4. Variants. Let Xc(f;),..,Xéf;v) be the full subcategories of X.. that
consist of objects (.5, 3) which satisfy, respectively, one of the following
conditions (in (ii)-(iv) we assume that X is a scheme):

(i) S — X is étale.

(ii) S — X is an open embedding.

(iii) (assuming that X is affine) S= X.

(iv) S — X is a locally closed embedding.

Denote by M%) (X), ..,Mgv) (X) the categories of Cartesian sections of
M (X, O) over the corresponding subcategories XC(? ). One has the obvious
restriction functors Mp(X) — M(Da) (X). We leave it to the reader to check

that these functors are equivalences of categories®).

“)Tt suffices to notice that 7.10.6, 7.10.7, 7.10.8 together with the proofs remain literally
valid if we replace Mp(X) by M(I?(X).
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Remark. The category X(Ef«i)

is (the underlying category of ) Grothendieck’s
crystalline site of X, so D-crystals are the same as crystals for the fibered
category M!(Xc(f'«i), O) in Grothendieck’s terminology. We consider X, as
the basic set-up since it directly generalizes to the setting of ind-schemes

(see 7.11.6).

7.10.5. Let f : Y — X be a quasi-finite morphism. It yields a faithful
functor Y., — X, which sends YLS — S to YﬁS — S. We get
the corresponding “restriction” functor f' : Mp(X) — Mp(Y). Tt is
compatible with composition of f’s.

In particular, categories Mp(U), where U is étale over X, form a fibered

category over the small étale site Xy which we denote by Mp(X¢).

7.10.6. Lemma. D-crystals are local objects for the étale topology, i.e.,
Mp(Xe) is a sheaf of categories. O

7.10.7. Below we give a convenient “concrete” description of D-crystals.

Assume we have a closed embedding X <— V where V is a formally
smooth* formal algebraic space such that X,eq = Vred*). Such thing always
exists if X is affine: one may embed X into a smooth scheme W and take
for V' the formal completion of W along X.

For n > 1 let V<" denotes the formal completion of V" along the
diagonal V' C V" (or, equivalently, along X C V™). The projections p1,ps :
V<> -V, pia,pa3,pi3 : V3> — V<2> are ind-finite, so we have the
functors p} : M(V,0) — M(V<2> 0), péj  M(V<2> 0) — M(V<3>0).
Since V is formally smooth these functors are exact.

Denote by Mpy (X) the category of pairs (My, 7) where My € M(V,0)

and 7 : plle ~ p!QMV is an isomorphism such that
(340) Pa3(T)Pia(7) = Pig(7).

*see 7.11.1.

“)i.e., the ideal of X in Oy is pronilpotent.
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7.10.8. Proposition. The categories Mp(X) and Mpy (X) are canonically

equivalent.

Proof. We deal with local objects, so we may assume that X is affine. For
M € Mp(X) we have My = Mxy € M(V,0). Since pjMy = My <>
we have 7 that obviously satisfies (340). Conversely, assume we have
(My,7) € Mpy(X); let us define the corresponding D-crystal M. For
(5,8) € X, choose j' : § — V that extends the structure morphism
j S — X (such j' exists since V is formally smooth). Consider the
O¢-module j'My. If 5+ § — V is another extension of j then there
is a canonical isomorphism vy : j My =j"'My. Namely, (j/,;") maps
S to V<2> hence j'My = (§,5")'p|My; now use the similar description
of j"'My and set vy := (j',5")'(7). By (340) these identifications are
transitive, so j 'My does not depend on the choice of j/. This is M(S,S)'

The definition of structure isomorphisms «g for M is clear. ]

7.10.9. Corollary. (i) For any X the category Mp(X) is abelian.
(ii) For S € X,, the functor Mp(X) — M(S,0), M — My is left exact.
(iii) For a quasi-finite j : Y — X the functor j' : Mp(X) — Mp(Y) is

left exact. If j is étale then j' is exact.

Proof. The statement (i) is true if X is affine. Indeed, choose X — V as
in 7.10.7. The category Mpy (X) is abelian since the functors pé, pij are
exact, so we are done by 7.10.8.

If j : U — X is an étale morphism of affine schemes then the functor
§': Mp(X) — Mp(U) is exact. Indeed, let U — Vir be the U-localization
of X < V (so Vi is étale over V); then j' coincides with the étale localization
functor Mpy (X) — Mpy, (U) which is obviously exact.

Now (i) follows from 7.10.6. The rest is left to the reader. O

7.10.10. Lemma. For an étale morphism p : U — X the functor p' admits
a right adjoint functor p, : Mp(U) — Mp(X). If p is an open embedding
then p'p, is identity functor.
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Proof. Here is an explicit construction of p,. For (S, 5’) € X, set Sy =
S;; U; let pg : Sy — S be the étale morphism whose pull-back to S — S
is the projection Sy — S. So (SU,gU) € U, and we have the functor
Xer = Uer, (5,9) = (S, Su).

Now for N € Mp(U) set (p«N)g := (ps)-Ng, . The identifications o

come from the base change isomorphism ¢'pgr. = ﬁS'Gf?!U- U

Now let i : Y < X be a closed embedding and j : U := X \ Y — X the
complementary open embedding. Denote by Mp(X)y the full subcategory
of Mp(X) that consists of those D-crystals M that j'M = 0.

7.10.11. Lemma. (i) The functor i' admits a left adjoint functor i,
Mp(Y) — Mp(X).
(ii) ix sends Mp(Y) to Mp(X)y and

it Mp(Y) = Mp(X)y, i : Mp(X)y — Mp(Y)

are mutually inverse equivalences of categories.
(iii) Let p : Z — X be a quasi-finite morphism; set Yz := Y x X, so we
z
haveiyz : Yy — Z and py : Yz — Y. Then one has a canonical identification

of functors p'i, = iy.py : Mp(Y) — Mp(Z).

Proof. Here is an explicit construction of i,. Take a D-crystal N on Y.
For (S, S‘) € X, set Sy = S;Y, so Sy is a closed subscheme of S,
hence of S. The projection Sy — Y is quasi-finite, so N yields a D-
crystal on Sy. We define (i,N >(S,S‘) as the corresponding O-module on
S (see 7.10.3). The structure isomorphisms ay for i, N come from the
corresponding isomorphisms for N in the obvious manner.

The adjunction property of i, as well as properties (ii), (iii), are clear. [J

7.10.12. Proposition. If X is smooth then Mp(X) is canonically equivalent
to the category M(X) of D-modules on X.

Proof. We use description 7.10.7 of Mp(X) for V.= X. So a D-crystal M
amounts to a pair (Mx,7) where Mx € M(X,0) and 7 : p} Mx = pyMx is



290 A. BEILINSON AND V. DRINFELD

an isomorphism of O-modules on X <?> which satisfies (340). Let us show
that such 7 is the same as a right D-module structure on Mx.

Consider Dx as an object of M(X<2>.0) (via the Ox-bimodule
structure). There is a canonical isomorphism Dy = p’l(’)X which identifies
0 € Dx with the section (f ® ¢ — fI(g9)) € Homo,(Ox<2>,0x) =
p!l(’)X. Therefore we have Mx & DXBMX(%p!l(’)X zpllMX. Hence, by

Ox
adjunction,

(341)
Hom(p} Mx, pyMy) = Hom(ps.pi Mx, My) = Hom(My ® Dx, My).

Here we consider Mx ® Dx as an Ox-module via the right O-module
structure on Dx. So 7 : p{Mx — phMy is the same as a morphism
Myx ® Dx — Mx. One checks that the conditions on 7 just mean that
this arrow is a right unital action of Dx on Mx. See the next Remark for

a comment and some details. O

7.10.13. Remark. Let us discuss certain points of 7.10.12 in a more general
setting. Since Ox<2> is a completion of Ox ® Ox one may consider objects
of M(X<%> 0) as certain sheaves of (’)X—b(icmodules called Diff-bimodules
on X*. If A, B are Diff-bimodules then such is A ® B (so M(X<?>,0)
is a monoidal category). Notice that A gi B is OaXctually an object of
M(X<3> ) in the obvious way. By adjunction, for any C' € M(X<%>,0)
a morphism of Diff-bimodules A (58) B — (' is the same as a morphism
Ag§ B — pi3C in M(X<3>,0). ’)T(hus for a Diff-algebra*) A its product
am(funts to a morphism m : A @ A — pizA in M(X<?> 0) (we leave it
to the reader to write associat(igv);ty property in these terms). Similarly,

for a (right) A-module Mx we may write the A-action as a morphism

a: My (58) A — phMy in M(X<?> 0); the action (associativity) property
X

“In [BB93] the term “differential bimodule” was used; we refer there for the details.

“)i.e., an algebra in the monoidal category of Diff-bimodules.
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just says that the two morphisms Mx ® A ® A — pyM in M(X<*> 0)
obtained from m and a coincide. Ass(,ou)ine (?a)i)w that A = Dx or, more
generally, A is a tdo. Then m : A 5@ A — p!13A is an isomorphism®). If
Mx is a (possibly, non-unital) A—mod);le then a : My (% A — phMy is an

isomorphism if and only if our module is unital.

7.10.14. We leave it to the reader to identify (in the smooth setting) the
functors f', px, i, from, respectively, 7.10.5, 7.10.10, and 7.10.11(i), with the
standard D-module functors.

Combining 7.10.12 and 7.10.11(ii) we see that if X is any algebraic space
then D-crystals on X are the same as D-modules on X in the sense of

[Sa91]*).

7.10.15. The rest of the section is a sketch of crystalline setting for tdo
and twisted D-modules. First we discuss crystalline O*-gerbes. In case of a
smooth scheme such gerbe amounts to an étale localized version of the notion
“tdo up to a twist by a line bundle”. Then we define for a crystalline O*-
gerbe C the corresponding abelian category of twisted D-crystals M¢(X).

7.10.16. As before, X is any algebraic space. The category X, carries
a structure of site (étale crystalline topology): a covering is a family of
morphisms {(S;,5;) — (S,5)} such that {S; — S} is an étale covering of
S. Tt carries a sheaf of rings O, where O (S, 5’) = 0(5’) So we have the

corresponding sheaf O}, of invertible elements.

7.10.17. Definition. A crystalline O*-gerbe on X is an O, -gerbe on Xot).

Explicitely, this means the following. Consider the sheaf of Picard
groupoids Picq on X¢ where Pice, (S, S') = Pic(S’) (= the Picard groupoid
of line bundles on 5') Now a crystalline O*-gerbe on X is a Pic..-Torsor

*)Probably this property characterizes tdo’s.

*)Saito prefers to deal with analytic setting, but his definitions have obvious algebraic
version (and the above definitions have obvious analytic version).

“i.e., a gerbe over X, with band O}, in terminology of [De-Mil.
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C over X, (i.e., C is a fibered category over X, equipped with an Action
of Pic., which makes each fiber C(S) = C(S, S) a Pic(S)-Torsor) such that
locally on X, our C(S,S) is non-empty.

Crystalline O*-gerbes form a Picard 2-groupoid G..(X). The group of
equivalence classes of gerbes is H?(X.,0%.). For a pair of gerbes C, C’
Morphisms ¢ : C — C' form a Pic(X,,)-Torsor. Here Pic(X,,) is the Picard

groupoid of OF -torsors on X ™).

7.10.18. Remarks. (i) Let X o be the small étale crystalline site of X (as

) from 7.10.4, the topology is induced from X.,).

a category it equals X(gf«
A crystalline O*-gerbe on X yields by restriction an O}.-gerbe on Xg; .
We leave it to the reader to check that we get an equivalence of the Picard
2-groupoids of gerbes®).

(ii) Our G (X) is the Picard 2-groupoid associated to the complex
T<oRT'(Xer, OF) = 7<2RI'(Xéter, OF.). To compute RI' look at the
canonical ideal Z,, C O, defined by (O /Z.)(S, S’) = O(S). There is
a canonical morphism of ringed topologies i : X¢ — Xeter, i 1(S, S’) =5,
and Z.. fits into short exact sequence 0 — Z.. — Og — i.0x — 0. Passing

to sheaves of invertible elements we get the short exact sequence

exp

(342) 0 —Z,— 0, —i.0%x — 0

where exp is the exponential map (since each Z.,. (.S, S ) is a nilpotent ideal our
exp is correctly defined). Since RI'(X¢ier,i-O%) = RI'(Xg, O*). one may
use (343) to compute RT(X.., O%.). For example, since H*(X., Zer) = 0
the group HY(X,,, O%.) is the group O*(X)eon of locally constant invertible
functions on X.

(iti) Assume that X is smooth. Set Q%' := (0 — QL — Q%..). According
to Grothendieck, one has RI'(X,,,O.) = RI['(X,Qx) and RT' (X, Zer) =

“)If X is smooth then such torsor is the same as a line bundle with flat connection on

X.

“)We consider X., as the basic setting since it directly generalizes to the case of ind-

schemes, see 7.11.6).
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RT (X, Cone(Og — i.0x)[—1]) = RI'(X, Q)Z(l) Thus (342) yields the long

cohomology sequence

0 — O*(X)eon — O*(X) "4 Q(X) — H'(Xer, OF) —

— Pic(X)SH(X,0%") — H*(Xer, OF,) — Br(X) — 0.

Here H'(X,., O%,) is the group of isomorphism classes of line bundles with
flat connection on X. One has 0 at the right since H?(X¢, O*) = Br(X) is
a torsion group and H3(X.,Z..) is a C-vector space.

(iv) If X is a scheme then one may consider a weaker topology Xzar cr
(as a category it equals X9 from 7.10.4). We get the corresponding
Picard 2-groupoid Gzurcr(X) of OF.-gerbes on Xz o. By étale descent
the pull-back functor Gzarr(X) — Ger(X) is a fully faithful Morphism
of Picard 2-groupoids, i.e., Gzarr(X) is the 2-groupoid of Zariski locally
trivial crystalline O*-gerbes. It is easy to see*) that C € G..(X) belongs to
GZarer(X) if (and only if) the O*-gerbe i'C on X is Zariski locally trivial.
For example, if X is smooth then H?(X 74, O*) = 0,50 Ger(X) /G zar er(X) =
Br(X).

7.10.19. Below we give a convenient “concrete” description of (appropri-
ately rigidified) crystalline O*-gerbes.

Assume we have X < V asin 7.10.7. For C € G.,(X) and an infinitesimal
neighbourhood X’ C V of X we have the Pic(X’)-Torsor C(X'). Set
C(V) = @C(X’) (:= the groupoid of Cartesian sections of C over the
directed set of X"’s); this is a Pic(V')-Torsor.

Consider pairs (C,Ey) where C € G- (X) and & € C(V). Such objects
form a Picard groupoid GY.(X). Namely, a morphism (C, &) — (C', &) is
a pair (F,v) where F is a Morphism C — C’ and v : F(Ey) = &},*). We are
going to describe GV (X).

“ef. 7.10.22.

“)Notice that such pairs have no symmetries, so GY(X) is a plain groupoid (while

Ger(X) is a 2-groupoid).
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We use notation from 7.10.7. Let R be a line bundle on V<?> and
B : piyR @ pi3R = pisR an isomorphism of line bundles on V <3> such that
the following diagram of isomorphisms of line bundles on V<*> commutes

(associativity condition):

Ri2®Ra3 @ R3a — Riz @ Raa

(343) l l

Ri2 ® Rog — R

Here R;; is the pull-back of R by projection p;; : V<% — V<> and the
arrows come from f.

Such pairs (R, 3) form a Picard groupoid G(V) (with respect to tensor
product).

7.10.20. Proposition. The Picard groupoids GY.(X) and G(V) are canoni-

cally equivalent.

Proof. For (C,&v) € GY(X) set R := Hom(piEv,p3Ev) € Pic(V) and define
[ as the composition isomorphism; it is clear that (R,3) € G(V). So we
have the Morphism of Picard groupoids G¥.(X) — G(V).

The inverse Morphism assigns to (R, 3) the pair (C, Ey) glued from trivial
gerbes by means of (R, 3). Namely, one defines (C, &) as follows. Since V' is
formally smooth the structure morphism j : S — X extends to j’ : SV,
Now C(S) is a Pic(S)-Torsor together with the following extra structure:

(i) For any j' as above we are given an object of C(S’) denoted by j*Ey.

(i) If 5" : S — V is another extension of j then we have an identification
of line bundles ;1 : Hom (5 *Ev,§" *Ev) =(5", 7)) R.

We demand that (ii) identifies composition of Hom’s with the isomor-
phism defined by 3. It is easy to see that such C (5‘ ) exists and unique (up

to a unique equivalence). The fibers C(S) glue together to form a crystalline

O*-gerbe in the obvious way. We have & € C(V') by construction. O
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7.10.21. Remark. Let &, be another object of C(V') and (R', 8") € G(V) the
pair that corresponds to (C,&i,). Set L := Hom(Ey, &) € Pic(V). Then
R =AdsR = (piL) @ R @ (piL£)®~! and ' = Ad. S.

Now let C be any crystalline O*-gerbe on X, and assume that we have
X «— V as above. To use 7.10.20 for description of C one has to assure that

C(V) is non-empty.

7.10.22. Lemma. Assume that X is affine and V is a union of countably

many subschemes. Then C(V) is non-empty if*) C(X, X) is non-empty.

Proof. Let X’ C V be an infinitesimal neighbourhood of X. Then any
Ex € C(X, X) admits an extension Ex» € C(X, X’), and all such extensions
are isomorphic. Now we have a sequence X ¢ X1 ¢ X of infinitesimal
neighbourhoods of X such that V' = hng (") One defines by induction
a sequence Eym € C(X, X (™) together with identifications Extnin | xm) =
Exmy. Thisis & € C(V). O

7.10.23. Remarks. (i) Consider the O*-gerbe i'C on Xg (so i'C(U) =
C(U,U)). Then C(X,X) # 0 if and only if i'C is a trivial gerbe, i.e., its
class in H?(X¢, O*) = Br(X) vanishes*).

(ii) For any algebraic space X and C € G..(X) one may use 7.10.20 to
describe C locally on X¢. Namely, there exists an étale covering U; of X
such that U; are affine and C(U;, U;) # (). Embed U; into a smooth scheme
and take for V; the corresponding formal completion. Now, by 7.10.22, we
may use 7.10.20, 7.10.21 to describe Cy,.

7.10.24. Definition. For C € G (X) a C-twisted D-crystal on X is a
Cartesian functor M : C — M' (X, O) such that for any € € C(S) and
f € O*(S) one has M(fe) = f-idag(ey.-

“and, certainly, only if
“)This class is the image of the class of C by the map H?(Xer, 0:) — H*(Xer,i-0%) =

Br(X).
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The C-twisted D-crystals form a C-category M¢(X). It depends on C in
a functorial way (to a Morphism C — C’ there corresponds an equivalence
of categories M¢(X)= Me(X), ete.).

The categories Mc(U) = M, (U), U € Xg, form a sheaf of categories
M (Xg) over Xg in the obvious way.

Let C" be the trivialized gerbe, so C'"%(§) = Pic(S). The CIriv-
twisted D-crystals are the same as plain D-crystals. Namely, one identifies
M € Meiriv(X) with the D-crystal Mg := M(Og).

Remark. In the above definition we may replace X, by X¢ier. If X is a
scheme and C € Gzur o (X) then we may replace X, by Xzgrcr. One gets
the same category Mc(X).

7.10.25. Here is a twisted version of 7.10.7, 7.10.8. Assume we are in
situation 7.10.19, so we have (C,€y) € GY.(X) and the corresponding
(R,8) € G(V) (see 7.10.20). The category Mc(X) may be described
as follows. Let Mgz(X) = Mgg(X) be the category of pairs (My,7)
where My € M(V,0) and 7 : (piMy) ® R=phMy is an isomorphism
in M(V<?> 0) such that*)

(344) P!23(T)P!12 (1) = P!13(7')'

7.10.26. Lemma. The categories Mc(X) and Mp(X) are canonically

equivalent.

Proof. For M € Mc(X) set My = M(&v) = JM(Ex, x)), and define
7 as composition of the isomorphisms (piMy) @ R = M(pify) @ R =
M((pi€y)®R) = M(p5Ey) = pyMy . The rest is an immediate modification
of the proof of 7.10.8. U

7.10.27. Lemma. For any X and C € G.,(X) the category Mc(X) is abelian.

Proof. An obvious modification of the proof of 7.10.9. Use 7.10.23(ii),
7.10.22, 7.10.26. O

“'We use 8 to identify the modules where the Lh.s. and r.h.s. of the equality lie.
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7.10.28. From now on we assume that X is a smooth algebraic space. We
want to compare the above picture with the usual setting of tdo and twisted
D-modules. First let us relate crystalline O*-gerbes and tdo®.

Look at 7.10.19 for V' = X. Consider the Picard groupoid G (X) :=
GY(X) of pairs (C,Ex) where C is a crystalline O*-gerbe on X and £y €
C(X).

Here is a convenient interpretation of G2.(X). Consider Z.-gerbes on X
(i.e., Zo,-gerbes on X,,). Since H°( X, Z.r) = 0 these gerbes form a (shifted)
Picard groupoid GZ.,(X). The exponential morphism Z., — O}, yields the
functor exp : GZ.(X) — Ger(X). Since Zix,x) = 0, for any Z..-gerbe B the
groupoid By is trivial, so the groupoid (exp B)x has a distinguished object
Epx (defined up to a canonical isomorphism). Thus we defined a Morphism

of Picard groupoids
(345) exp: GZ.(X) — Go(X),

B — (expB,E&px). This is an equivalence of Picard groupoids (as follows
from (342)).

Ezample. The “boundary map” for (342) yields the morphism of Picard
groupoids ¢ : Pic(X) — GZ.(X) (the crystalline Chern class). In terms of
(345) it assigns to £ € Pic(X) the pair (C"™, L).

7.10.29. Proposition. GJ.(X) is canonically equivalent to the Picard groupoid
TDO(X) of tdo’s on X.

Proof. Let us identify, according to 7.10.20 for V = X, our G;/(X) with
G(X). Now for (R,3) € G(X) the corresponding tdo Dr = D g is
defined as follows. We use notation from 7.10.13. Consider Dx as a

Diff-bimodule (an object of M(X<?> 0)). Set Dg := Dx ® R. The

Ox<2>
multiplication morphism mg : Dr ® Dr — p!13DR is the tensor product
o

X
of the corresponding morphism for Dx and (3. One checks easily that Dg

“see, e.g., [BB93] 2.1 for basic facts about tdo.
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is a tdo and G(X) — TDO(X), (R,) — Dgr is a Morphism of Picard
groupoids.
The inverse Morphism assigns to a tdo A on X the object (R,[)

where R := Homo (Dx,A) and 3 is defined by comparison of the

x<2>
multiplication morphisms m for Dx and A. We leave the details for the

reader. O

7.10.30. Remark. Here is another (equivalent) way to spell out the above
equivalence. By (345) G.(X) is equivalent to GZ.ys(X), i.e., to the Picard
groupoid associated with complex 7<1(RI'(Xerys, Zx,,,.)[1]). According to
[BB93| 2.1.6, 2.1.4, TDO(X) is the Picard groupoid associated with the
complex 7<1(RI(X, Q)Z(l)[l]) Now the above complexes are canonically

quasi-isomorphic (see 7.10.18(iii)).

7.10.31. Here is a twisted version of 7.10.12. For (C,€x) € G..(X) consider
the corresponding (R, ) € G(X) and the tdo Dgr. Take M € M¢(X).
According to 7.10.26 we may consider M as pair (Mx,7) € Mg(X).

Since® p!IMX =Mx ® Dx and Dr =Dx ® R we may rewrite 7 as an
OX Ox<2>
isomorphism

(346) Mx ® Dr=~pyMx
Ox

in M(X<?> 0). By adjunction, one may consider (346) as a morphism of

Ox-modules
Denote by M" (X, Dg) the category of right Dr-modules on X.

7.10.32. Proposition. The morphism (347) is a right unital action of D on
Mx. The functor M¢(X) — M"(X,Dr), M — Mx, is an equivalence of

categories.
Proof. Left to the reader (see 7.10.12, 7.10.13). O

*)See the proofs of 7.10.12 and 7.10.29.
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7.11. D-modules on ind-schemes. In this section we discuss D-module
theory on formally smooth ind-schemes. Notice that the D-crystal picture
(see 7.10) makes immediate sense in the ind-scheme setting, and it is the
conventional approach (differential operators, etc.) that takes some space

to be written down.

7.11.1. An ind-scheme (in the strict sense) X is a “space” (i.e., a set
valued functor on the category of commutative C-algebras A — X (A) =
X (Spec A)) which may be represented as limX, where {X,} is a directed
family of quasi-compact schemes such that all the maps i,5 : Xo — Xg,
a < 3, are closed embeddings. If X can be represented as above so that the
set of indices « is countable then X is said to be an Ry-ind-scheme.®) If P
is a property of schemes stable under passage to closed subschemes then we
say that X satisfies the ind-P property if each X, satisfies P.
Set Xyeq := li_r}nXa red; an ind-scheme X is said to be reduced if X,eq = X.
A formal scheme is an ind-scheme X such that Xq is a scheme (see
7.12.17 for a discussion of the relation between this definition of formal
scheme and the one from EGA). An Xg-formal scheme is a formal scheme
which is an Ny-ind-scheme. The completion of an ind-scheme Z along a
closed subscheme Y C Z is the direct limit of closed subschemes Y’ C Z
such that Y ; = Yieq. In the case of formal schemes we write “affine” instead
of “ind-affine”. A formal scheme X is affine if and only if X,.q is affine.
Following Grothendieck ([Gr64], [Gr67]), we say that X is formally smooth
if for every A and every nilpotent ideal I C A the map X(A) — X(A/I)
is surjective. It is easy to see that for ind-schemes of ind-finite type formal
smoothness is a local property (cf. the proof of Proposition 17.1.6 from
[Gr67]).*) A morphism X — Y is said to be formally smooth if for any A,
*)Not all natural examples of ind-schemes are No-ind-schemes; e.g., for every infinite-

dimensional vector space V the functor A — Enda(V ® A) is an ind-scheme but not an

Np-ind-scheme.

“Y'We do not know whether this is true for ind-schemes that are not of ind-finite type.

For schemes the answer is “yes”. This follows from Remark 9.5.8 in [Gr68a] and the



300 A. BEILINSON AND V. DRINFELD

I as above the map from X (A) to the fiber product of Y (A) and X (A/I)
over Y (A/I) is surjective.

Let X be an ind-scheme. A closed quasi-compact subscheme ¥ C X
is called reasonable if for any closed subscheme Z C X such that Y C Z
the ideal of Y in Oy is finitely generated. We say that X is reasonable if
X is a union of its reasonable subschemes, i.e., it may be represented as
h_H)lXa where all X, are reasonable. A closed subspace of a reasonable ind-
scheme is a reasonable ind-scheme; a product of two reasonable ind-schemes

is reasonable.

Remark. Replacing the word “schemes” in the above definition by
“algebraic spaces” we get the notion of an ind-algebraic space. All the

discussion passes automatically to the setting of ind-algebraic spaces.

7.11.2. Ezamples. (i) An ind-affine ind-scheme X is the same as a pro-
algebra, i.e., a pro-object R of the category of commutative algebras that can
be represented as @Ra so that the maps Rg — R, f > a, are surjective.
We write X = Spf R := hngpec R,. A complete topological commutative
algebra R whose topology is defined by open ideals I, C R can be considered
as a pro-algebra (set R, := R/I,). Not all pro-algebras are of this type
because if the set of indices « is uncountable then the map from the set-
theoretical projective limit of the R, to R, is not necessarily surjective®).
Of course, an ind-affine Ny-ind-scheme is the same as a complete topological
algebra whose topology is defined by a countable or finite system of open
ideals of R.

(ii) Let V be a Tate vector space (see 4.2.13). Then V (or, more

precisely, the functor A — V@A) is a reasonable ind-affine ind-scheme.

following surprising result ([RG], p.82, 3.1.4): the property of being a projective module
is local for the Zariski topology and even for the fpqc topology (without any finiteness
assumptions!).

“even if the maps Rs — Ra, 8 > «, are surjective (as we assume).



